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Abstract
An experimental investigation of the subsoil is of paramount importance before
commencing any construction project to obtain relevant soil properties required in the
design. If the properties of the soil are found to be unsuitable, ground improvement
solutions need to be adopted for improving its engineering characteristics. These ground
improvement techniques typically include dynamic grouting, blasting, surface
compaction and preloading. One of the popular and economical ground improvement
techniques is to install an array of prefabricated vertical drains (PVDs) in the soft
ground which aid in the dissipation of pore water pressure of the soil. These drains are
usually made of a plastic core with a longitudinal channel which is encapsulated by a
sleeve made out of synthetic fabrics. Since the horizontal permeability of soil
(especially in clays) is higher than their vertical permeability, vertical drains reduce the
consolidation time of the soil by providing an alternate radial drainage path thus making
the ground improvement schedule much shorter.
Owing to environmental issues and low-cost availability of natural fibers in developing
countries such as India and Bangladesh, a new class of Natural Prefabricated Vertical
Drains (NPVD) has become a viable option. These are made of fibers such as coir or
jute which can be a substitute to commercially available drains made of synthetic fibers
such as polyester or polyethylene. However, attributed to their degradability, they tend
to become inefficient after a certain time thus reducing the speed of the consolidation
process. Since jute/coir fibers have a much higher absorption capacity than synthetic
fibers, their initial consolidation behavior can also be different.
This study aims to assess the efficiency of jute drains through analytical & experimental
investigation and compare their performance with synthetic drains. A number of

1

experiments were designed including consolidation tests, test of physical properties etc.
in order to study the consolidation process through PVJD in greater detail. These
experiments were conducted to characterize their degradation behavior as well offer an
insight into what type of a drain leads to better consolidation efficiency. The
consolidation & degradation tests for these experiments were carried out for a period of
24 months and to the best of author’s knowledge such an extensive experimental study
has not been conducted on jute drains in the literature.
A generalized analytical model was also developed to simulate the consolidation
processes under different soil and loading conditions. A unique boundary condition has
been proposed at the soil-drain interface so as to take into account the effect of clogging
in vertical drains. This condition has been used in a free-strain model, a modified camclay model and an elasto-viscoplastic model to prove its applicability.
The primary objective of this study was to assess whether jute drains can achieve a
similar level of performance as that of synthetic drains. It has been shown that these
drains show considerable promise for consolidation in pyritic estuarine clays and if
designed properly are a good alternative to synthetic drains.
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Chapter 1
INTRODUCTION
Owing to rapid urbanization and an increasing population, construction of infrastructure
projects on marginal and soft soils has become necessary. Construction on soils located
near the coastal areas requires appropriate ground improvement techniques that can
increase the bearing capacity and reduce long term deformation. The most popular
preloading method is to install an array of prefabricated vertical drains (PVDs) in the
ground. PVDs primarily serve to reduce the consolidation time of the soil (especially
clays) by providing a horizontal drainage path exploiting its property of anisotropic
permeability thus making the ground improvement schedule shorter.
This chapter serves as an introduction to this research and details the process of
consolidation, how vertical drains accelerate the process of consolidation, a brief
timeline of the development of their theory and a comparison between natural drains
and synthetic drains in terms of their properties. It concludes with a detailed description
of the objective and scope of this thesis as well as its outline.

1.1 Consolidation of Soil
According to Karl von Terzaghi consolidation is defined as “any process which involves
a decrease in the water content of saturated soil without replacement of water by air”.
Typically. the process happens owing to the action of long-term static loads on the soil.
The rate of this process depends upon the nature of the soil and the magnitude of the
applied load. The process mainly consists of three steps:
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•

Initial Compression: This is a brief phase at the start of application of the load
where a compression is observed due to a limited amount of flexibility in the soil
system usually analogous to a spring compression

•

Primary Consolidation: This is the phase where the pore pressure dissipates and
the volume of the soil changes owing to expulsion of water

•

Secondary Consolidation: If the static load applied to the soil is continued after
the process of primary consolidation is completed, a plastic deformation/
realignment/ remoulding of soil happens leading to further compression of the
soil.

Fig 1.1 Different phases of settlement in the soil
Typically soils encountered at any construction site are usually over consolidated i.e.
some stress has already been applied owing to effects such as unloading due to
overlying strata such as glaciers, changes in ground water levels and repeated shrinking
and wetting owing to rain. The maximum stress value that has been applied to the soil in
history is termed as pre-consolidation stress. The ratio of current stress to the preconsolidation stress is termed as the over-consolidation ratio (OCR). When
consolidation happens with an OCR value of more than one, it is termed as over14

consolidation and when the OCR value attains a value of one soil is classified as a
normally consolidated soil.
1.2 Consolidation with Vertical Drains
Pre-consolidation, is the process of consolidating the soil prior to the construction of
permanent structure. Usually an embankment is made on top of the soil so as to apply a
load on it and to hasten the consolidation process, i.e. the removal of excess pore water
from the soil.

Fig 1.2 Comparison of consolidation of soil with and without vertical drains
Once this is achieved the embankment is removed and the structure is built. The speed
of the consolidation process can be increased by reducing the length of drainage path.
Exploiting the fact that clays generally have anisotropic permeability, i.e. the horizontal
permeability is usually much larger than the vertical permeability, vertical drains can be
used to hasten the consolidation process. These drains typically consist of a longitudinal
channel encapsulated by a sleeve made of synthetic or natural fibre which allows water
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to flow horizontally from the soil to the drain and hence out of the drain through the
longitudinal channel. The mechanism of this process is shown in Fig 1.2.

1.3 Historical review of consolidation with vertical drains
Designs of predecessors of vertical drains were first patented in the 1920’s and tests
were being conducted in the US for sand drains somewhere in the early 1930’s. The first
modern design was envisaged by Walter Kjellman, then director of the Swedish
geotechnical institute in the 1940’s where he used a cardboard core encapsulated by a
sleeve of paper to increase the consolidation rate in the soil. Such types of drains were
extensively used around the world for the next 2-3 decades. The modern drains were
developed in the 1980’s when plastic drains emerged as a durable, easy to use option
and have been used ever since. It is only in the last decade owing to increased
environmental awareness that the negative environmental effects of these drains have
been realized and hence research is being conducted to replace them with an
environmentally friendly option.
In terms of theoretical development, the first mathematical formulation of vertical
drains was published by Barron (1948). He gave detailed solutions both for the equal
strain and the free strain case but it involved detailed mathematical calculations in terms
of Bessel functions and series solutions. However, the solutions in both of these cases
were found to be practically similar and hence the idea of a free strain model which
consisted of tedious calculations was less pursued in subsequent research. Due to this,
simplified solutions such as those given by Hansbo (1981) and Indraratna & Redana
(1998) are more popular for theoretical and numerical analysis of soil-drain systems.
However, these solutions do not take into account the lateral deformations that take
place in the case of consolidation by multiple drains. In such cases, more complex
16

solutions such as those incorporating a finite element analysis (FEM) need to be
employed as given by Zeng et. al. (1987) and Hird et. al. (1992). These FEM solutions
can also incorporate more detailed properties of the soil in terms of their constitutive
models and hence provide better accuracy. We discuss such type of models in more
detail in Chapters 2 and 5. We now discuss a detailed comparison between natural
drains and synthetic drains and differences in their consolidation process.

1.4 Comparison between Natural and Synthetic Drains
Natural drains and synthetic drains differ on a number of properties, primarily on their
degradation ability, absorption capacity and discharge capacity. Natural fibres being
hydrophilic in nature usually take a large amount of time for saturation in comparison to
synthetic drains. Moreover, the efficiency of consolidation in natural drains decreases
with time owing to degradation of the filter jacket. Each of these properties has been
discussed below in detail.

1.4.1 Degradation
Natural fibers such as jute are typically composed of α-Cellulose, Hemicellulose and
Lignin which make the fiber highly hygroscopic. This is in contrast to synthetic drains
which are typically made of Polyester or Polyethylene and are hydrophobic in nature.
Cellulose typically breaks down into smaller compounds in the presence of extreme
chemical environments which are highly acidic or basic. Saha et al. (2012) reported that
the degradation of Jute fibers is extremely rapid outside the pH range of 4-9. Since soils
are typically acidic in nature, these fibers start to degrade after a period of about 6-9
months depending on the acidity of the soil. This phenomenon of degradation tends to
reduce the efficiency of natural drains overtime as compared to synthetic drains which
are known to last in soil for a period of 12-15 years (Mininger et. al., 2013).
17

Biological phenomena in the soil such as the presence of decomposing bacteria also
play a major role in the degradation of natural fibers. It has been reported by Saha et al.
(2012) that the tensile strength of untreated jute decreases rapidly in extreme biological
environments and reaches a value of close to zero in about 120 days. Since the presence
of decomposing bacteria also depends on the climatic conditions, natural drains decay
more quickly in hot and humid environments.

1.4.2 Discharge Capacity
Asha & Mandal (2012) analyzed four different types of Jute drains and compared their
discharge capacity with respect to a synthetic drain. They reported that the discharge
capacity of a synthetic drain (~10−5 𝑚3 /𝑠) is much higher as compared to that of a jute
drain (~10−6 𝑚3 /𝑠) and that a woven jute fiber filter with a corrugated core achieves
the maximum discharge capacity. They also found that the discharge capacity of natural
drains varies by a large amount at different confining pressures whereas the
performance of a synthetic PVD is almost constant. Despite these limitations, different
researchers have agreed that the discharge capacity of natural drains is adequate for
most ground improvement purposes (Islam et al., 2011 & Rao et al., 2010).

1.4.3 Clogging
The role of the soil filter in the PVD is to freely allow the water to flow inside the core
while protecting it from impregnation by soil particles. Various criteria were developed
to assess the effectiveness of the soil filter, one of the most popular ones being the one
developed by Carroll (1983): the apparent opening size of the filter should be less than
2-3 times the 𝐷85 of the soil. However, despite the filter satisfying all of these design
criteria, clogging still occurs in all cases of drain assisted consolidation. Apart from
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clogging resulting from particle transport, clogging also happens owing to the growth of
micro-organisms around the filter jacket which reduce its permeability commonly
referred to as biochemical clogging. This problem is more pronounced in natural drains
owing to the nature of the fiber which provides suitable strata for the growth of these
microorganisms.
1.4.4 Absorption and Swelling
Asha and Mandal (2012) reported that the absorption capacity of a nonwoven jute drain
(including the core and the sheath) is approximately 6 times as that of a synthetic drain.
Natural fibers also tend to swell when they absorb water at low pressures, however at
pressures above 150 kPa the swelling is negligible (Rao, 2000). This swelling at low
pressures may lead to a change in the Apparent Opening Size (AOS) of the soil thus
making it less resistant towards clogging. An increase in the clogging potential of the
drain may prevent the soil from achieving the required amount of consolidation.

1.5 Objective and Scope of the Present Study
The main objective of this study is to compare the efficiency of natural drains with
synthetic drains and determine whether natural drains are an effective replacement for
synthetic drains. Existing literature does not address such a comparison and is usually
limited to discussing the properties of natural drains and their consolidation properties
in small-scale laboratory tests. Also, not many large scale consolidometer tests or field
trials have been performed with these drains and hence a large knowledge gap exists in
the understanding of the behaviour of these drains. Although, an effort has been made to
address this knowledge gap, the scope of this research is focused on to the following
areas
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•

Quantify the effect of degradation/clogging on the consolidation efficiency of
vertical drains by using a large consolidometer test to evaluate its consolidation
time at different degradation levels

•

Compare synthetic drains with three different types of jute drains and identify
the type which is the closest in consolidation time to the synthetic drains

•

Develop analytical models based on the above tests to quantify the effects
observed in experiments

•

Compare the analytical models with the results obtained from the Ballina case
study and the laboratory tests

•

Recommend an efficient design of jute drains based on the results obtained

1.6 Organization of the Dissertation
Following this introduction, Chapter 2 provides a detailed review of the literature on
vertical drains. Topics such as mechanism of consolidation, effect of smear, well
resistance and analytical & numerical modelling are discussed in detail. Special focus is
directed towards experimental methods used to characterize vertical drains and the
analytical model used to generalize their behaviour.
Chapter 3 provides one of the main sections of the thesis and describes in detail the
experimental methods used in our analysis. Two sets of experiments were described in
detail, first one pertaining to the comparison of different types of jute drains (in terms of
their design) and the second one pertaining to the degradation in jute drains. The testing
methodology was explained in detail and the results and their implications were
discussed. A number of post-processing experiments were also performed on the drains
obtained post degradation which were also analysed in detail. These experiments also
form the basis of the analytical models described in the later part of this thesis.
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Chapter 4 is a brief analysis that described an innovative approach to characterize the
smear zone that was discovered during the course of these experiments. This approach
allows the engineer to measure the extent of smear zone in situ provided a sufficient
number of piezometers are provided in the field. Comparison between this approach and
traditional methods of measuring the smear zone has also been presented.
Chapter 5 builds upon the information and results obtained from Chapters 3 & 4 to
provide a detailed analytical model that tries to explain the consolidation obtained in
jute drains. The phenomenon of clogging was explained in detail and an analytical
abstraction to include its effect in consolidation has been proposed. The results of the
analytical model were compared to those obtained from the experiments as well as two
case histories from the literature.
Chapter 6 presents the results obtained from a field trial carried out at Ballina, NSW,
Australia involving measurement of consolidation owing to both jute drains and wick
drains. The details of the trial embankment and the soil properties were discussed and
the data obtained were compared to the values obtained by the analytical model
described in Chapter 5.
Chapter 7 draws conclusions from this research and provides recommendations for
future work. Following this is the reference list and the appendices.
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Chapter 2
LITERATURE REVIEW
2.1 Introduction
In the first chapter, some aspects of vertical drains and how jute drains are different
from synthetic drains were discussed. In this chapter a detailed discussion on the factors
affecting the process of consolidation aided by vertical drains, including smear,
clogging as well as other drain properties are explained and discussed in detail. The
primary focus is to critically analyze existing literature on the subject and understand
whether it is applicable in the context of jute drains so that the importance of this study
can be clearly articulated.

2.2 Properties of Vertical Drains
2.2.1 Effective Radius of Band shaped vertical drains
A rectangular section of a band-shaped PVD needs to be converted to an equivalent
circular drain so that the analytical methods primarily developed for a circular drain can
be applied. To achieve this, the primary criterion is that the drainage capacity of the
circular drain should be the same as that of the band-shaped drain. A summary of some
of the different methods proposed in the literature has been given in Fig. 2.1.
Two of the earliest conversion relationships were given by Hansbo (1981) and Atkinson
& Aldred (1981) given as follows:

𝑑𝑐 =

𝑑𝑐 =

2(𝑎 + 𝑏)
𝜋

𝑎+𝑏
2

[𝐻𝑎𝑛𝑠𝑏𝑜(1981)]

[𝐴𝑡𝑘𝑖𝑛𝑠𝑜𝑛 𝑎𝑛𝑑 𝐴𝑙𝑑𝑟𝑒𝑑(1981)]
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(2.1)

(2.2)

where 𝑎 and 𝑏 are the dimensions of the cross-section of the rectangular drain and 𝑑𝑐 is
equivalent diameter of the circular drain.
Another formulation was given by Pradhan et al. (1993) who suggested that the
equivalent diameter should be calculated based on a flow net around a cylinder of
diameter 𝑑𝑒 (the diameter of the influence zone of the drain). The mean square distance
of the flow net is first calculated as

𝑠12

𝑑𝑒2 𝑎2 2𝑎
=
+
−
𝑑 𝑃𝑟𝑎𝑑ℎ𝑎𝑛 𝑒𝑡. 𝑎𝑙. (1993)
4 12 𝜋 2 𝑒

(2.3)

[1] Assumed Water Flownet (Pradhan et. al., 1993)
[2] 𝒅𝒄 = 𝟐(𝒂 + 𝒃)/𝝅 (Hansbo, 1981)
[3] 𝒅𝒄 = (𝒂 + 𝒃)/𝟐 (Atkinson and Aldred, 1981)

Fig. 2.1 Equivalent diameter of a band-shaped PVD
Once 𝑠1 is obtained, the equivalent drain diameter is given by
𝑑𝑐 = 𝑑𝑒 − 2√𝑠12 + 𝑏

(2.4)

Another relationship was provided by Long & Corvo (1994) which is as follows:
𝑑𝑐 = 0.5𝑎 + 0.7𝑏
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(2.5)

In practice, there is no significant difference among the consolidation rates calculated
using the above relationships (Indraratna & Redana, (2000), Walker et. al. (2000)),
although both Rixner et al. (1986) and Long & Corvo (1994) recommend that Equation
(2.2) is better than (2.1) based on assessment of consolidation process in the field and in
laboratory conditions.

2.2.2 Influence Zone and Drain Spacing
In practical situations, drains are not installed in an isolated manner, an array of vertical
drains is installed typically in a square or a triangular pattern. Both patterns are shown
in Fig. 2.2. Although a square pattern is easier to install in the field due to its constant
spacing between the drains, a triangular pattern tends to achieve a more consistent
consolidation pattern (Hansbo (1981)). To analyze the behavior of the drains in the
field, an influence zone is required to determine the outer diameter of the undisturbed
zone in the unit cell analysis of the soil-drain system. This is achieved by equating the
areas of the geometrical influence zones which would be square in a square pattern and
hexagonal in a triangular pattern to an equivalent circle of radius 𝑟𝑒 . Using this analogy,
the diameter of the influence zone in each of these cases is determined as follows:
𝑑𝑒 = 1.128 × 𝑆 [𝑠𝑞𝑢𝑎𝑟𝑒 𝑝𝑎𝑡𝑡𝑒𝑟𝑛]
𝑑𝑒 = 1.05 × 𝑆

[𝑡𝑟𝑖𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑝𝑎𝑡𝑡𝑒𝑟𝑛]
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(2.6)
(2.7)

Fig. 2.2 Calculation of Influence Zone for a multi-drain consolidation problem
2.2.3 Smear Zone
During the process of installation of the vertical drain, the insertion & withdrawal of the
mandrel leads to a remolding of the soil surrounding the drain and consolidation of soil
further away from the drain due to cavity expansion (Sharma and Xiao, (2000)). The
effects on the soil due to this process are collectively termed as smear effects and
usually delay the radial consolidation process. The extent of smearing in the soil
depends upon its type, size of the mandrel and also on the speed of insertion and
withdrawal of the mandrel (Rowe, 1968; Lo, 1998). The shape of the smear zone is
found to be elliptical around band-shaped drains (Indraratna and Redana, 1998) and
circular around normal sand drains.
Another important aspect to note about the smear zone is that the effective soil
permeability is much lower near the drain as compared to a distance away from it. It has
been reported that the permeability near the drain can be almost an order of magnitude
smaller (Bo et. al. 2003) and its value is usually taken to be close to that of the vertical
permeability of the soil (Hansbo 1981; Indraratna & Redana 1998). However, during the
modeling process the smear zone is usually taken to be a zone of constant permeability
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(Hansbo 1981) to simplify calculations. Detailed calculations for a linear and a
parabolic smear zone were provided by Walker & Indraratna (2006, 2007). Another
aspect that is ignored in usual smear zone calculations is that of the variation of smear
effects with depth. Sathananthan (2005) based on detailed cavity expansion calculations
reports that the smear zone parameters would vary with the overburden stress and the
soil parameters which in turn are usually dependent on the depth of the soil layer.
The extent of the smear zone usually lies within a diameter of 2-5 times that of the
mandrel size. The extent of smear zones reported by various researchers has been
reported in Table 2.1.
Table 2.1: Extent of smear zone and permeability reduction as reported in the literature
𝑟𝑠 /𝑟𝑚
1.6
1.5
2
1.6
1.5-2.0
4
2-3
1.6
4
2.5
2.5

Source
Barron (1948)
Hansbo (1981)
Bergado et. al. (1991)
Onoue et. al. (1991)
Almeida & Ferrera (1993)
Indraratna & Redana (1998)
Chai & Miura (1999)
Hird & Moseley (2000)
Sharma & Xiao (2000)
Sathananthan & Indraratna (2006)
Choudhary et. al. (2016)

𝑘ℎ /𝑘𝑠
3
3
N/A
3
3-6
1.15
N/A
3
1.3
1.3
1.3

2.2.4 Clogging in Vertical Drains
The drain filter surrounding the core primarily serves two functions during the
consolidation process: (1) Prevent soil particles from entering the core (2) Allow
maximum flow of water inside the core so as to allow for maximum possible drainage
through the core in minimum amount of time. For an effective drainage system,
typically what happens is that a soil filtration system develops around the drain filter as
water flows through the filter so that any further transport of particles to the core is
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prevented. The development of such a filtration system is critical to the long-term
performance of the drain.
The ability of development of such a filtration system is dependent upon a number of
factors such as (McGown (1976), Holtz et. al. (1991)):
•

Physical & chemical characteristics of the filter jacket

•

Soil Characteristics

•

Magnitude of external loads or stresses applied on the system

•

Hydraulic conditions in and around the filter jacket

To achieve the required filtration system a number of criteria were proposed as to what
should be the ideal ratio of filter opening to that of the particle size distribution of the
soil. One such criteria has been given by Carroll (1983) which states that the 𝑂95 value
of the filter, also referred to as the Apparent Opening Size (AOS), should be less than
approximately 2-3 times the 𝐷85 of the soil. Here 𝑂95 refers to the 95% of the opening
size of the geotextile and 𝐷85 refers to the soil grain diameter at 85% passing on the No
200 sieve.
𝑂95
≤2−3
𝐷85

(2.8)

Apart from the 𝑂95 value, the percentage opening area (POA) is considered to be an
important parameter in deciding the filtration performance of a geotextile filter. Most of
the design criteria currently in use based on the POA suggest a lower limit of 4%
although values as low as 0.5% have been suggested (Austin et. al. (1997)). Aydilek &
Edil (2004) provided a method of evaluation of percentage opening area of woven
geotextile filters using the method of image analysis which has been used in this thesis.
More details about the method can be found in Chapter 3.
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A number of criteria for achieving the required filtration system for efficient
consolidation were summarized and reported by Bergado et al. (1996). They also state
that the effective discharge capacity of a drain should be specified using the following
equation:
𝑞𝑤(𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑) = 𝐹𝑐 𝐹𝑡 𝐹𝑓𝑐 𝑞𝑤(𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑)

(2.9)

where 𝐹𝑐 , 𝐹𝑡 and 𝐹𝑓𝑐 are appropriate scaling factors for taking into account the effect of
bend/clamps, lateral pressure and clogging. Values of 2, 1.25 and 3.5 were
recommended for these factors respectively. The value of 𝑞𝑤(𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑) is calculated
using the following expression,

𝑞𝑤(𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑) =

𝜌∞ 𝑈10 𝑙𝜋𝐶ℎ
4𝑇ℎ

(2.10)

where
𝜌∞ = Final Settlement Value
𝑈10 = 10% degree of consolidation
𝑙 = Depth of vertical drain
𝐶ℎ = Coefficient of horizontal consolidation
𝑇ℎ = Time factor for horizontal consolidation
When the effective filter is unable to develop, finer particles in the soil can flow with
the water and permeate the filter jacket of the drain to reach the core. This deposition of
particles on the filter and in the core leads to the development of an adverse hydraulic
potential in the soil near the filter which is detrimental to the flow of water inside the
core leading to a reduction in the rate of the consolidation process. Clogging criteria is
probably the least understood in terms of the design criteria in vertical drains. An
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attempt has been made in this thesis to quantify these effects in natural drain systems
which will be discussed in detail in Chapter 5.
2.2 Theory of Vertical Consolidation
The theory of vertical consolidation was first given by Terzaghi (1943) and since then it
has been the starting point to understanding the theory of consolidation in detail. It
assumes that consolidation happens in a unit cell of soil such that flow occurs only in
the vertical direction. Some of the other assumptions of this theory are as follows:
•

The soil is homogeneous, isotropic and completely saturated

•

Darcy’s Law is valid for flow of water in the soil medium

•

The coefficients for permeability and volume compressibility are constant

•

Soil Particles and water are incompressible for this analysis

The equation given can be written down as follows:
𝜕 2𝑢
𝜕𝑢
𝐶𝑣 2 =
𝜕𝑧
𝜕𝑡

(2.11)

where 𝑢 is the pore water pressure in the unit cell, 𝑧 is the physical dimension in the
vertical direction and 𝑡 is the temporal dimension. 𝐶𝑣 is the coefficient of consolidation
and is a measure of the rate at which the consolidation process occurs, its expression is
given by

𝐶𝑣 =

𝑘𝑣
𝑚𝑣 𝛾𝑤

(2.12)

where 𝑘𝑣 is the permeability of the soil in the vertical direction, 𝛾𝑤 is the unit weight of
water and 𝑚𝑣 is the coefficient of volume compressibility. The solution to the
differential equation (2.7) is given by,
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∞

𝑢= ∑
𝑚=0

2𝑢0
𝑀𝑧
2
sin ( ) 𝑒 −𝑀 𝑇
𝑀
𝐻

(2.13)

where
𝑢0 is the initial excess pore water pressure
𝐻 is the thickness of a singly drained layer
𝑇=

𝐶𝑣 𝑡

𝑀=

𝐻2

is a dimensionless time factor and,

(2𝑚+1)𝜋
2

where 𝑚 is an integer constant

In terms of degree of consolidation, the solution to equation (2.7) can be expressed in
the form,
∞

𝑈 =1− ∑
𝑚=0

2
𝑀𝑧
2
sin ( ) 𝑒 −𝑀 𝑇
𝑀
𝐻

(2.14)

However, there are multiple limitations in the initial solution proposed by Terzaghi
(1943), some of them have been listed below:
•

Coefficients of permeability and volume compressibility are assumed to be
constant in the analysis, however as consolidation progresses both of these
quantities decrease with time and hence 𝐶𝑣 cannot be treated as a constant
quantity

•

The application of external load is expected to produce the same pore water
pressure across the soil, however this is not true in all cases owing to boundary
effects

•

The flow is assumed to be one-dimensional in nature, however in a general case
the flow is three-dimensional depending on the drainage paths,
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•

The size of the drainage layer is assumed to be constant throughout the
consolidation process however size reduces owing to settlement during
consolidation

A number of these assumptions were relaxed by subsequent work on vertical
consolidation theory. Some of these examples include:
•

Zhu & Yin (1998) considered the process of consolidation under a time
dependent ramp load rather than assuming a constant load as in the original
study by Terzaghi

•

Lekha et. al. (2003) relaxed the criteria for assuming constant permeability and
volume compressibility and provided relevant expressions for their decay
through the consolidation process

•

Fox & Qui (2004) use the finite difference method to incorporate a
compressible fluid instead of water in the consolidation process

2.3 Theory of Radial Consolidation
2.3.1 Barron’s Theory of consolidation
Barron (1948) gave the solutions for both the equal strain case and the free strain case
based on the work of Terzaghi (1925) by considering the flow profiles into and out of an
infinitesimally small cylindrical element. The generalized three-dimensional equation of
consolidation is given by
𝜕𝑢̅
𝜕 2𝑢
𝜕 2 𝑢 1 𝜕𝑢
= 𝐶𝑣 ( 2 ) + 𝐶ℎ ( 2 +
)
𝜕𝑡
𝜕𝑧
𝜕𝑟
𝑟 𝜕𝑟
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(2.15)

For radial flow only, this equation becomes
𝜕𝑢̅
𝜕 2 𝑢 1 𝜕𝑢
= 𝐶ℎ ( 2 +
)
𝜕𝑡
𝜕𝑟
𝑟 𝜕𝑟

(2.16)

The solution of this equation is obtained using the method of separation of variables
which results into complicated expressions of 𝑢 dependent on Bessel functions (refer
Appendix 1 for a brief overview of Bessel functions) of the first and second kind similar
to the solutions of the heat transfer equation in cylindrical coordinates. Solutions were
also given for the cases where smear and well resistance were included. However, the
solutions were cumbersome to compute and hence for brevity, we leave out the
mathematical analysis here.

2.3.2 Approximate Equal Strain solution proposed by Hansbo (1981)
Another equal strain solution was developed by Hansbo (1981) using the equal strain
theory, the approximate degree of consolidation (𝑈ℎ ) of a soil cylinder consolidated by a
vertical drain can be expressed as,

𝑈ℎ = 1 − exp (−

8𝑇ℎ
)
𝜇

(2.17)

where the time factor (𝑇ℎ ) is given by,

𝑇ℎ =

𝐶ℎ 𝑡
𝑑𝑒2

(2.18)

where 𝐶ℎ is the horizontal degree of consolidation, 𝑡 is time and 𝑑𝑒 is the diameter of
the undisturbed zone. The parameter 𝜇 is given by the following expression
𝑛
𝑘ℎ
𝑘ℎ
𝜇 = ln ( ) + ( ) ln(𝑠) + 𝜋𝑧(2𝑙 − 𝑧)
− 0.75
𝑠
𝑘𝑠
𝑞𝑤
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(2.19)

Here 𝑘ℎ and 𝑘𝑠 are the permeability of the undisturbed zone and smear zone
respectively, 𝑞𝑤 is the discharge capacity of the drain, 𝑙 is the height of the well, 𝑛 is the
ratio of the diameter of the undisturbed zone to that of the drain and 𝑠 is the ratio of the
diameter of the smear zone to that of the drain.
The second and the third terms in the equation represent the effect of smear and well
resistance of the drain respectively. If these effects are ignored the value of 𝜇 simplifies
to
𝜇 = ln(𝑛) − 0.75

(2.20)

2.3.3 Plain Strain solution proposed by Indraratna & Redana (1998)
The solution by Indraratna & Redana (1998) was primarily introduced for the purpose
of modelling of a multi-drain consolidation problem under plane strain condition. The
axisymmetric model as given by Hansbo (1981) was converted to a plain strain model.
This can be achieved in three ways:
•

Permeability Matching: Spacing between the drains is kept constant while
matching the permeability between different drains

•

Geometric Matching: Permeability of the drains is kept constant while matching
the spacing between the drains

•

Combination of Permeability and Geometric Matching: The change in
permeability is calculated while the two drain systems are geometrically
matched with each other.

The process of conversion to the plain strain geometry from an axisymmetric one has
been shown in Fig. 2.3. The half width of the drain (𝑏𝑤 ) is matched to the drain radius
(𝑟𝑤 ) and the half width of the smear zone (𝑏𝑠 ) is matched to the smear zone radius (𝑟𝑠 ).
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Fig. 2.3 Equivalent diameter of a band-shaped PVD
The average degree of consolidation is given by

𝑈ℎ𝑝 = 1 − exp (−

8𝑇ℎ𝑝
)
𝜇𝑝

(2.21)

where 𝑈ℎ𝑝 is the degree of consolidation in plain strain, 𝑇ℎ𝑝 is the time factor in plain
strain given by the following expression

𝑇ℎ𝑝 =

𝑇ℎ 𝑘ℎ𝑝 𝑟𝑒2
𝑘ℎ 𝑏𝑒2

(2.22)

𝛽𝑘ℎ𝑝
+ 𝜃(2𝑙𝑧 − 𝑧 2 )
𝑘𝑠𝑝

(2.23)

and 𝜇𝑝 is given by

𝜇𝑝 = 𝛼 +

where 𝑘ℎ𝑝 and 𝑘𝑠𝑝 are the permeabilities of the undisturbed zone and the smear zone
respectively. 𝛼 and 𝛽 are geometric parameters and 𝜃 is the flow parameter the
expressions for which are given below
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2 2𝑏𝑠
𝑏𝑠
𝑏𝑠2
−
(1 − + 2 )
3 𝑏𝑒
𝑏𝑒 3𝑏𝑒

(2.24)

1
𝑏𝑠
2
(𝑏𝑠 − 𝑏𝑤 )2 + 3 (3𝑏𝑤
− 𝑏𝑠2 )
2
𝑏𝑒
3𝑏𝑒

(2.25)

2𝑘𝑠𝑝
𝑏𝑤
(1 − )
𝑘𝑠 𝑞𝑧 𝑏𝑒
𝑏𝑒

(2.26)

𝛼=

𝛽=

𝜃=

2.3.4 Vertical Drain Consolidation model with non-Darcian flow along with void
ratio dependent permeability & Compressibility, Walker et. al. (2012)
Walker et. al. (2012) presented an analytical solution for vertical drains under radial
consolidation with the effect of smear (no well resistance) considering non-linearity in
the flow-regime (non-Darcian), relationship between stress and void ratio and
relationship between permeability and void ratio. These non-linearities can be written as
follows:
𝑣 = 𝑘̃𝑖 𝑛

(2.27)

𝜎
𝑒 = 𝑒0 − 𝐶𝑐 log ( )
𝜎0

(2.28)

𝑘̃
𝑒 = 𝑒0 + 𝐶𝑘 log ( )
𝑘̃0

(2.29)

where 𝑛 is the non-Darcian flow exponent, 𝑘̃ is the non-Darcian permeability, 𝑒 is the
void ratio, 𝜎 is the effective stress, 𝜎0 is the initial effective stress, 𝑘̃0 is the initial
permeability, 𝐶𝑐 is the compressibility index, 𝐶𝑘 is the permeability index. The effective
stress can be written as follows:
𝜎 = 𝜎0 + ∆𝜎 − 𝑊∆𝜎
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(2.30)

where ∆𝜎 is the instantaneous stress change and 𝑊 is the normalized pore water
pressure given by the expression

𝑊=

𝑢̅
∆𝜎

(2.31)

The expression for the time factor-normalized pore pressure relationship in the
compression phase is given by
𝐶𝑐 𝜎𝑝 −(
𝑇̃ = 𝐹[𝑊, 𝐶𝑐 , 𝑊𝑝 ] ( )
𝐶𝑟 𝜎0

𝐶𝑐 −𝐶𝑟
)
𝐶𝑘

+ 𝐹[𝑊𝑝 , 𝐶𝑟 , 1]

(2.32)

and in the recompression phase is given by
𝑇̃ = 𝐹[𝑊, 𝐶𝑟 , 1]

(2.33)

In the above equations, 𝐶𝑟 is the recompression index, 𝑇̃ is the modified time factor and
expressions for 𝑊𝑝 (normalized pore pressure corresponding to the pre-consolidation
pressure) and the function 𝐹 are given as follows:
𝑊𝑝 = 1 −

𝜎0 𝜎𝑝
( − 1)
∆𝜎 𝜎0

𝛼

∆𝜎 −(1−𝐶𝑘)
𝐹[𝑊, 𝛼, 𝜃] = − (1 + )
𝜎0
∞

× [∑
𝑗=0

𝛼
{1 − 𝐶 }

𝑘 𝑗

𝑗! (𝑗 − 𝑛 + 1)

− 𝜃 𝑗−𝑛+1 )]

(1 +

𝜎0 −𝑗
) (𝑊 𝑗−𝑛+1
∆𝜎

(2.35)
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(2.34)

The results obtained above were verified with a large-scale laboratory test and thus a
general solution to the non-linear consolidation problem was presented which was
shown to be valid for both Darcian and Non-Darcian flow regimes.

2.4 Analysis of Clogging in Geotextile Filters
As mentioned earlier, clogging is a time-dependent phenomenon that significantly
reduces the efficiency of vertical drains in dissipating excess pore water pressure at the
soil-drain interface. Historical analysis of clogging has been restricted to a physical
modelling of the particle interface interactions and migration. Considering mass and
momentum conservation principles one can relate properties such as particle size
distribution, mass flow rate and filter capacity to changes in permittivity of the filter
medium (Xiao & Reddi 2000). Since it is difficult to model the random arrangement of
voids in the filter, assumptions regarding its structure are made and they are usually
modelled as a cubic or tetrahedral arrangement. The most fundamental analysis is
probably the Kozeny-Carman and the Ergun equations (McCabe et al. 2005 & Akgiray
& Saatçı 2001)
𝑘𝑉𝑠 𝜇(1 − 𝜖)2 𝐿
Δ𝑃 =
𝜙𝑠2 𝐷𝑝2 𝜖 3

Δ𝑃 =

150𝑉𝑠 𝜇(1 − 𝜖)2 𝐿 1.75𝜌𝑉𝑠2 (1 − 𝜖)𝐿
+
𝐷𝑝2 𝜖 3
𝐷𝑝 𝜖 3

(2.36)

(2.37)

where 𝐷𝑝 is the diameter of the particle, 𝜙𝑠 is the sphericity of the particles in bed, 𝜖 is
the porosity of the filter bed, 𝑉𝑠 is the superficial velocity, 𝜇 is the viscosity of the fluid,
𝐿 is the height of the filter bed, 𝑘 is a numerical constant and Δ𝑃 is the pressure drop
across the bed.
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Another approach of assessing the permeability of the filter as a function of time is to
assume the probabilistic deposition of soil particles in nature. Xiao & Reddi (2000)
developed a clogging model based on the assumption that the pores in the filter are long
cylinders and asserted that the deposition process of a particle inside these cylinders is a
probabilistic process controlled by a lumped parameter. However, the determination of
the parameters for different geotextiles is challenging. The lumped parameter for
synthetic geotextiles might be different by an order of magnitude in comparison to
natural geotextiles.
A similar argument can be given for physical models such as those developed by Locke
et al. (2001), these models usually deploy empirically derived equations for determining
viscosity interactions. Such empirical models are usually relevant for a very narrow
domain and cannot be generalized for different categories of soils and geotextiles
encountered in real engineering problems. These models are described below in greater
detail.

2.4.1 Clogging Model by Locke et al. (2001)
Mathematical models can be formulated to explain the fundamental mechanics of
particle interaction and migration in clogging of drains. Considering mass and
momentum conservation principles one can relate properties such as particle size
distribution, mass flow rate and filter capacity to changes in permittivity of the filter
medium.
It is important to note that as the particles are captured within the filter they also alter
filter properties i.e. the particles reduce the size of the filter pores and allow the capture
of progressively finer soils. Locke et al. (2001) developed a model of filter geometry to
proceed with this analysis:
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Fig 2.4 (a) Cubic Network Pore model of the filter, and (b) a single pore with six
constrictions [after Schuler (1996)]
Since it is not feasible to model the random arrangement of voids in the filter, a
simplification is made that it is a regular three-dimensional structure such as a cubic or
tetrahedral arrangement. Based on this Schuler (1996) developed a regular cubic
network and suggested that there are on an average 5.7 constrictions for every pore. The
arrangement is shown in Fig. 2.4.
Another important factor when considering such an arrangement is the constriction size
distribution of the filter hereafter referred to as CSD. The assumption made here is that
the CSD is dependent on the particle size distribution of the filter. A probabilistic model
is then developed based on geometrical considerations.
The particle transport equations can be written as follows:
𝜕(𝜌𝑚 𝑢) 𝜕𝜌𝑚
=
𝜕𝑧
𝜕𝑡
∑ 𝐹 = 𝜌𝑚 𝑉𝑚 (

𝜕𝑢
𝜕𝑢
+𝑢 )
𝜕𝑡
𝜕𝑧

39

(2.38)

(2.39)

where 𝜌𝑚 , 𝑉𝑚 and 𝑢 are the slurry density, volume and velocity respectively while F
represents the external forces including the hydraulic gradient and viscous forces.
If we denote R as the viscous drag per unit of the slurry and P as the hydraulic pressure,

∑𝐹 = −

𝜕𝑃
𝑉 − 𝜌𝑚 𝑔𝑉𝑚 + 𝜌𝑚 𝑅𝑉𝑚
𝜕𝑍 𝑚

(2.40)

The change in viscosity due to interaction effects between the particles and pore walls
based on the slurry volumetric concentration can be given by,
𝜂
5𝑑𝐷𝑣
= 1 + 2.5𝐶 (1 +
)
𝜂0
8(2𝐷𝑣 − 𝑑)2

(2.41)

The media permeability is decreased by the reciprocal of the factor, i.e.

𝑘=

𝑘𝑤 𝜂
𝜂0

(2.42)

The particle transport equation is solved by a finite difference method. The permeability
of the filter at each step can be estimated by using the equation given by Koenders and
Williams (1992):

𝑘=

1 2
(𝜂) 𝐷𝑓,𝑚𝑒𝑎𝑛
𝜒𝑛𝑒3

(2.43)

(1 − 𝑛𝑒 )2

2.4.2 Clogging Model by Xiao & Reddi (2000)
The pore radius of an opening in the filter of a vertical drain as deposition happens may
be expressed as
𝑀

2

𝑎𝑗
𝑎𝑗 2
1 4
1 4
( ) = ( ) {1 + 3 ∑ 𝑁(𝑟𝑖 , 𝑎𝑗 ) (1 − [1 − ] ) 𝐾(𝑟𝑖 , 𝑎𝑗 )}
𝑟𝑖1
𝑟𝑖0
𝑙
𝑟𝑖
𝑗=1
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(2.44)

where
𝑟𝑖1 = 𝐹𝑖𝑛𝑎𝑙 𝑝𝑜𝑟𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 𝑎𝑓𝑡𝑒𝑟 𝑑𝑒𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛
𝑟𝑖0 = 𝑃𝑜𝑟𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 𝑏𝑒𝑓𝑜𝑟𝑒 𝑑𝑒𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛
𝑁(𝑟𝑖 , 𝑎𝑗 ) = 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑜𝑓 𝑟𝑎𝑑𝑖𝑢𝑠 𝑎𝑗 𝑑𝑒𝑝𝑜𝑠𝑖𝑡𝑒𝑑 𝑖𝑛 𝑎 𝑝𝑜𝑟𝑒 𝑜𝑓 𝑟𝑎𝑑𝑖𝑢𝑠 𝑟𝑖
𝑀 = 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑠𝑖𝑧𝑒𝑠
𝑙 = 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑟𝑒

𝐾(𝑟𝑖 , 𝑎𝑗 ) =

𝑎𝑗 2
𝑎𝑗 5
(1 − 0.667 ( 𝑟 ) − 0.202 ( 𝑟 ) )
𝑖

𝑖

𝑎𝑗
𝑎𝑗 3
𝑎𝑗 5
𝑎𝑗 5
1 − 2.1 ( 𝑟 ) + 2.09 ( 𝑟 ) − 1.71 ( 𝑟 ) + 0.73 ( 𝑟 )
𝑖
𝑖
𝑖
𝑖

(2.45)

The expression for change in deposition rate can be given as,
𝑑𝑁(𝑟𝑖 , 𝑎𝑗 )
= 𝑞(𝑟𝑖 )𝑝(𝑟𝑖 , 𝑎𝑗 )𝐶(𝑎𝑗 )
𝑑𝑡

(2.46)

where

𝑞(𝑟𝑖 ) = 𝐹𝑙𝑜𝑤 𝑟𝑎𝑡𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑟𝑒 =

𝜋𝛾𝐽𝑟𝑖4
8𝜇

𝑝(𝑟𝑖 , 𝑎𝑗 ) = 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑑𝑒𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑎𝑗 𝑖𝑛 𝑎 𝑝𝑜𝑟𝑒 𝑜𝑓 𝑟𝑎𝑑𝑖𝑢𝑠 𝑟𝑖
𝜃𝑎𝑗 2
𝜃𝑎𝑗 3
𝜃𝑎𝑗 4
= 4 [( ) − ( ) ] + ( ) , 𝑤ℎ𝑒𝑟𝑒 𝜃 𝑖𝑠 𝑎 𝑙𝑢𝑚𝑝𝑒𝑑 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟
𝑟𝑖
𝑟𝑖
𝑟𝑖
𝐶(𝑎𝑗 ) = 𝐶𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡 𝑣𝑜𝑙𝑢𝑚𝑒 𝑓𝑙𝑜𝑤𝑖𝑛𝑔 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑝𝑜𝑟𝑒
Finally, the permeability of the filter is expressed as
2

𝑘=

𝐶𝑠 𝑛𝛾
1
[
]
𝑓(𝑑𝑖 )
16𝜇
𝑖
∑1
𝑑𝑖
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(2.47)

where

𝐶𝑠 (𝑆ℎ𝑎𝑝𝑒 𝐹𝑎𝑐𝑡𝑜𝑟) =

1
, 𝑛 = 𝑃𝑜𝑟𝑜𝑠𝑖𝑡𝑦, 𝛾 = 𝑢𝑛𝑖𝑡 𝑤𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑤𝑎𝑡𝑒𝑟,
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𝜇 = 𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦 𝑜𝑓 𝑤𝑎𝑡𝑒𝑟, 𝑑𝑖 = 𝑖𝑡ℎ 𝑝𝑜𝑟𝑒 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟

2.5 Viscous behaviour of Soft Clay
The process of secondary consolidation in soils can be defined as the process of volume
deformation of the soil even after the primary consolidation has been completed. This
primarily happens due to the effect of deformation of particles in the soil and the shear
stresses exceeding the bond shear resistance of the interface between the particles
(Mesri, 1973). This deformation is usually termed as creep-induced deformation. Note
that creep might also happen during the process of primary consolidation i.e. when the
excess pore water pressure is being dissipated hence a distinction must be made during
the two kinds of soil deformation.
The development of a constitutive model for soil behaviour is of paramount importance
in this study. Although many attempts have been made to predict soil behaviour in
terms of a limited set of parameters, the problem is extremely difficult and evasive as
the properties of soft soil are often affected by the arrangement of soil grains, loading
intensity, deformation rate and a number of other factors. Often a number of models in
the literature focus on achieving only a particular aspect of the behaviour observed in
the soil. All of them belong to one or the other domain of models such as:
1) Elastic Models (Duncan & Chang, (1970))
2) Endochronic Models (Bazant & Krizek (1976), Valanis & Read (1982))
3) Elasto-Plastic Models (Pender (1977), Roscoe & Burland (1968))
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4) Elastic Visco-Plastic Models (Adachi & Oka (1982), Sekiguchi (1977), Yin &
Graham (1989))
In a brief review of all these numerical models, Prevost et al. (1996) concluded that
Elastic visco-plastic models seem to be the most promising of these and hence most of
the future work has been focussed on such type of models.
The visco-elastic models proposed in the literature can roughly be divided into two
categories:
•

Creep-based models: These models tend to directly estimate the creep behaviour
of soil observed upon application of stress and rate related deformations are
considered only indirectly.

•

Rate-based models: In these models, rate related deformation is the primary
target quantity for determination whereas creep is modelled indirectly

2.5.1 Rate-based models
The formulation by Adachi & Okano (1974) stated the fully saturated clay was
considered to be a mixture of soil skeleton (solids), absorbed water (viscous fluid), and
free water (non-viscous fluid). A fundamental concept of this study assumes that soil
structure system consisting of soil skeleton and absorbed water responds to the effective
stress as an elastic visco-plastic continuum and the overall work hardening phenomena
are due to strain hardening of soil skeleton. It was assumed that the clay reaches the
static equilibrium state (i.e. the state when the volumetric strain rate becomes zero) at
the end of primary consolidation. However Arulanandan et al. (1971) made it clear that
the pore water pressure increases upon undrained condition after the end of primary
consolidation in a triaxial consolidation test, which is an indication of continuing
volumetric strain even after the end of primary consolidation. This suggests that the
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assumptions of Adachi & Okano (1974) were not perfectly valid. Oka (1981)
generalized Adachi & Okano (1974) model assuming that the normally consolidated
clay never reaches the static equilibrium state at the end of primary consolidation so that
they could not only explain such time dependent behaviours as creep, stress relaxation
and strain rate effects but also as secondary consolidation (delayed compression)
(Adachi & Oka, 1982). Following the theory proposed by Oka (1981), Adachi & Oka
(1982) generalized the Adachi & Okano (1974) model and the viscoplastic volumetric
strain was taken as a hardening parameter. The behaviour of the soil is perfectly elastic
when the stress state lies below the static yield surface (i.e. within the elastic nucleus)
and visco-plastic when the stress state is on the dynamic yield surface and a stress state
outside the dynamic yield surface is not possible. The existence of elastic nucleus in this
model not only caused it to have different domain of applicability for elastic and plastic
theories but introduced additional parameters as well. Same was the case for Adachi &
Okano (1974)’s formulation. Oka et al. (1986) modified the Adachi & Oka (1982)
model to include stress anisotropy based on Sekiguchi & Ohta (1977) and implemented
it numerically for a two-dimensional consolidation analysis. One of the limitation of
overstress type visco-plastic constitutive models (i.e. the models discussed above are
overstress type models because the visco-plastic effect is expressed as a function of
excess stress) are that they cannot describe the acceleration creep or creep rupture
except when the static stress-strain relation shows strain hardening or softening (Adachi
et al., 1987). To overcome this, an approach was proposed by Adachi et al. (1987a).
They generalized the Adachi & Oka (1982) model by comparing its mathematical
structure with a non-stationery flow surface type model (Sekiguchi, 1977) and
validating with experimental findings.
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A non-stationary flow surface type constitutive relation for normally consolidated clays
was derived by Sekiguchi (1977) primarily based on the concept of viscoplastic
potential. It could describe the phenomenon of strain rate effect on undrained stressstrain response, stress relaxation characteristics (reduction of stress with time for a rate
sensitive soil is left with constant strain) and creep rupture (the culmination in the
deformation process of creep) characteristics. Sekiguchi (1984) developed a theory of
undrained creep rupture for normally consolidated clays within the framework of the
elastic visco-plastic constitutive model. This model could indicate the influence of K0
consolidation upon the subsequent undrained creep rupture behaviour. However, time is
incorporated explicitly in both of the formulations of Sekiguchi and results in having the
limitation in predicting time dependent deformations under the condition of zero
effective stress. Also it is difficult to determine the origin of time if the stress history of
the soil is not known. Among others, Liang & Ma (1992) proposed a unified elastic
visco-plastic model based on Perzyna’s (1963, 1966) viscoplastic theory. The limit
surface and conjugate static yield surface form the basic framework. The time and rate
effects were accounted for using a single internal state variable, preconsolidation
pressure that is affected by the aging effect. An alternative constitutive model was
developed by Fodil et al. (1997) based on Hujeex’s (1985) elasto-plastic model and
Perzyna’s (1963, 1966) theory of visco-plasticity. Rowe & Hinchberger 948 (1998)
proposed an elastic visco-plastic elliptical cap model. In this formulation, the soil model
proposed by Adachi & Oka (1982) was modified with an elliptical cap.

2.5.2 Creep-Based Models
Bjerrum (1967) divided the observed displacements of soil as “immediate” and
“delayed” compression. Based on this concept Borja & Kavazanjian (1985) used the
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modified Cam-clay plasticity model (Roscoe & Burland, 1968) to describe the time
dependent elasto-plastic strains. To develop the time dependent component of strains,
the concept proposed by Kavazanjian & Mitchel (1980) was adopted. The classical
theory of plasticity was employed by Borja & Kavazanjian (1985) to characterize the
time-independent stress-strain behaviour of cohesive soils using the ellipsoidal yield
surface of the modified Cam-clay. The time dependent strain is divided into an elastic
part and a plastic part. The plastic part is evaluated using normality condition and
consistency requirements on the yield surface. To include creep deformation they used
Taylor’s (1948) secondary compression equation for volumetric part and deviatoric
creep formulation was based on Singh & Mitchel (1968). However, it has all the
limitations of Singh & Mitchel (1968) formulation (e.g. Singh & Mitchel (1968)
deviatoric stress formulation underestimates the creep strains for D close to zero and
overestimates for D close to one, here D is the stress intensity, often expressed as a ratio
of the normal strength before creep). This model uses 13 material parameters proper
description of soil behaviour. Hsieh et al. (1990) proposed a double yield surface model.
This was the outgrowth of Borja & Kavazanjian (1985) model. The model implements
the concept of double yield surface criterion represented by Cam-clay model and the
Von Mises cylinder inscribed in the ellipsoid. Bjerrum’s (1967) concept of immediate
and delayed settlement was used there as well. This new model accounts for plastic
shear distortion that occurs without volume change below the state boundary surface.
More accurate predictions are engendered with this model than earlier with Cam-clay
models particularly at low strain levels where the single yield surface theory tends to
predict the stress strain behaviour of soil on the stiffer side. It needs seven material
constants to describe the material behaviour at the absence of creep. If creep is to be
included in the prediction, six more parameters are needed. The proposed model can be
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validated using the deformation behaviour data of I-95 test embankment constructed
near Boston in 1967. This embankment traversed a marsh underlain by a thick layer of
Boston Blue clay. Creep and stress relaxation were often treated as two different
phenomena although physical consideration suggests that one process could be
responsible for the other. Borja (1992) made an approach to unify these two
phenomena. The delayed response of the soil to be due to the stress relaxation rather
than creep was considered. The model was formulated only for triaxial conditions and
the pore water response behaviour of soil was not well described. Yin & Graham (1989)
proposed a one dimensional model for stepped loading using a new concept of
“equivalent time” (similar to equivalent pressure for overconsolidated clay) during time
dependent straining. This model was then developed into a general constitutive equation
for continuous loading. Bjerrum (1967) mentioned the term “equivalent time” in his
paper but never gave a clear definition. Yin & Graham (1989, 1994, and 1999)
developed this concept. They considered unloading to be independent of time. However,
their models have the tendency of underestimating the effect of time and strain rate on
the change of undrained shear strength. The full implementation of the equivalent time
line concept was fully appreciated and used for deriving time dependent stress-strain
behaviour under isotropic stressing. Yin & Graham (1999) modified their 1989 model
by generalizing into general stress space based on modified Cam-clay and viscoplasticity concept of Perzyna (1966). This model could simulate accelerating creep
when the deviator stress is close to the shear strength envelop. It could also model the
behaviour in unloading-reloading and relaxation. It also provides realistic modeling for
the changes in the shearing rate. Yin et al. (2002) modified their earlier work (Yin &
Graham 1999) to make it applicable for both normally consolidated clay and
overconsolidated clay and the formulation was made in 3D stress space. One of the
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limitations of the previous models (Yin & Graham 1989, 1994, 1999) is that a
logarithmic function is used for the determination of S function (scaling function,
equivalent to in overstress type models discussed above). When the time is infinite the
creep strain also goes to infinity. To eliminate this problem, a nonlinear creep function
along with a limit for creep was introduced there. This model needed ten material
parameters for successful interpretation of stress-strain-time and pore water pressure
behaviour. Another limitation of Yin & Graham models were the description of K0
behaviour of soil. Zhou et al. (2005) presented a new elastic visco-plastic model to
describe the stress strain behaviour of K0 consolidated soil. In their model Yin &
Graham (1989, 1994, 1999) and Zhou et al. (2005) used κ/v, λ/v and ψ/v instead of κ, λ
and ψ (where κ and λ are slope of swelling and compression line respectively, ψ is the
secondary compression index and v is the specific volume), the use of normalized
parameters made it little more difficult for practical implementation. Kutter &
Sathialingam (1992) proposed a new constitutive model based on Bjerrum’s (1967)
concept of “delayed” compression. In their model they assumed that the elastic part of
compression is independent of time. Similar to Borja & Kavazanjian (1985), they
divided the total settlement into “instant” and “delayed” part. The model was based on
Critical state soil mechanics (modified Cam-clay) framework and Perzyna’s (1966)
mathematical formulation for visco-plasticity, with the rate dependency introduced by
only one parameter Cα (coefficient of secondary compression). Their model needs only
7 material parameters for full description of material behaviour. The proposed model
over-predicts the shear stress for undrained stress paths for dilative soils to some extent.
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2.6 Summary
Vertical drains are one of the most popular methods of consolidation of soft clays.
However, even after a lot of research efforts in understanding the consolidation process
of soil under their influence, the soil settlements and pore pressures in a general context
can be difficult to determine especially when considering the creep deformation in the
soil. This is partly due to the approximations that need to be made while modelling the
behaviour of soil and partly due to limited understanding of phenomenon such as
clogging in these drains. The problem is further compounded in natural drain systems
since they have a much higher absorption capacity, a different filter structure than wick
drains and are prone to degradation with time hence making numerical analysis
difficult. In the next chapter, to understand their behaviour an attempt was made
through a rigorous testing program which was carried out at University of Wollongong
in a time span of 2.5 years.
In Chapter 5, certain modifications to the conventional consolidation models are
justified in order to apply them to the consolidation of natural drains which have
experienced rapid degradation once installed in soft soils.
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Chapter 3
EXPERIMENTAL ANALYSIS OF JUTE DRAINS
3.1 Introduction
This chapter describes the experimental analysis performed on different types of Jute
drains and polymeric wick drains so as to ascertain their performance in relation to
consolidation characteristics. Extensive testing was performed on these drains which
includes large scale consolidometer testing and post-processing analyses to assess the
degradation of jute drain at different stages of consolidation. To our knowledge, largescale consolidometer testing with natural prefabricated vertical drains was conducted by
Asha & Mandal (2015) to study the effect of confining stress on the consolidation
efficiency. Apart from this aspect, these degraded drains tend to lose their consolidation
efficiency as they are attacked by microorganisms in the soil. This study makes an
attempt to address this phenomenon by performing a large scale consolidometer test
using jute drains with different degree of degradation.
3.2 Experiment 1: Comparison of consolidation efficiency between different types
of jute drains and synthetic drains
3.2.1 Experimental Setup
For the purpose of this experiment, two large consolidation cells with a radius of 650
mm and height of 450 mm were setup as shown in Fig. 3.1. The inner surface of the cell
was polished and was coated with a layer of Teflon approximately 1.5 mm thick so as to
reduce boundary effects due to friction. A 30-mm thick piston was put on top and a
button load cell was placed between the piston and the air cylinder to monitor the
applied load. An LVDT was located on the top of the piston for measuring the time-
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dependent settlement. Seven miniature pore pressure transducers were placed in a
staggered arrangement radially around the centre (i.e. 15, 30, 45, 60, 100, 150, 200 mm
from the centreline), and 100 mm above the bottom of the cell. These pore pressure
transducers were calibrated earlier using a Budenburg dead weight testing machine at
pressure values of 0, 50, 100 and 150 kPa.

Fig. 3.1: Schematic of the Large Scale Consolidometer Test
The clay sample was extracted (Fig. 3.2) from a depth of 2m consisting of highly
compressible and saturated estuarine clay from a trial site (a low-lying flood plain)
along the pacific highway at Ballina (NSW), south of Brisbane. It was a dark grey, silty,
and highly plastic clay with a specific gravity of 2.6 and a natural water content of 94%.
The liquid limit, plastic limit, and plasticity index were 98%, 32%, and 66%
respectively. It should be noted that the natural water content of the soil is close to its
liquid limit. The bulk unit weight of the soil is 14.4-16.5 kN/m3 , the undrained shear
strength is 9.4-12.3 kPa and the water content is ~95%.
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Fig 3.2 : Soil collection process at Ballina Testing Facility
The geotechnical properties of Ballina clay have been described in details in a previous
study by Indraratna et al. (2012). The clay was first sieved to remove any oversize
particles, lumps, large sea shells and other relics of marine environment. The clay was
then mixed with distilled water to form a slurry where the water content was
approximately 1.4 times the liquid limit. The slurry was then poured into the cell with
mild vibration to expel all trapped air. Subsequently, the soil sample was preconsolidated under an initial stress of 20 kPa at controlled temperature and humidity
conditions in the laboratory. Subsequently, a total of 4 vertical drain samples (3 types of
Jute drains and a sample of synthetic drain) as shown in Table 3.1 were installed in
consolidometer cells. These drains have been pictorially depicted in Fig. 3.3. The coir
in these drains was corrugated unlike the flat longitudinal core found in typical synthetic
drains.
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The equivalent diameter of the drains (66.2 mm) was determined based on the method
proposed by Atkinson and Eldred (1981).
𝑑𝑐 =

𝑎+𝑏
2

(1)

Type of
Drain

Mass
(gms/m)

No
of
coirs

Coir
Dia
(mm)

Avg
Coir
Spacing
(mm)

Width
(mm)

Filter
Thickness
(mm)

Composite
Thickness
(mm)

Opening
Size
(O95)

Permeability

1

PVJD Jute Coir

145

4

9

1.73

101

4

5.78

0.45

3.0 × 10−4

2

PVJD –
Jute Coir

92

4

3.75

1.80

97

4

3.96

0.35

1.7 × 10−4

115

4

3.75

2.0

100

2

2.21

0.30

2.0 × 10−4

69

1.5

3

4

PVJD –
Coconut
Coir
Synthetic
PVD

86

Table 3.1: Types of Jute Drain tested

Fig. 3.3: Jute drains used in the drain comparison test (Drain 1,2 and 3 from left to right
as per Table 3.1)
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Fig. 3.4 Schematic of Jute Drains (1),(2) and (3) used in the drain comparison test
(Drain (1), (2) and (3) as per Table 3.1)
The water content along the specimen radius was measured after installing the central
drain. Finally, an additional load of 60 kPa was applied onto the sample throughout this
post pre-consolidation period. Given that the oedometer determined yield stress of this
soil is 31 kPa (Geng et. al. (2012)), the resulting settlement upon the application of this
total stress followed the normally consolidated line.
3.2.2 Results and Discussion
The time-settlement curve (Fig. 3.5) is used to characterize the soil and drain properties
in the experiment described above. It can clearly be seen that drain 3 – 115 g/m
performs the best among all the jute drains and its performance is nearly identical to that
of the synthetic drain. Note that the degree of consolidation measured using settlement
always over-predicted the degree of consolidation measured using the pore pressure
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values as was observed by Davis & Raymond (1965).

Fig. 3.5: Settlement profile for different jute drains installed in 650mm diameter cell
3.3 Experiment 2: Effect of degradation and clogging on consolidation efficiency of
jute drains
3.3.1 Experimental Setup
A total of 12 large consolidation cells with a diameter of 400 mm and height of 500 mm
were setup. Eight pore pressure transducers were placed in a staggered arrangement
around the drain for about half of the drain samples (as shown in Table 3.2) at a height
of 100 mm from the bottom of the cell to measure the pore pressures at different radii.
Similar soil with the same preparation method and loading conditions (pre-consolidation
with a load of 20 kPa and consolidation under a load of 60 kPa) were adopted as
explained in Experiment 1. After the preconsolidation process was over, the scaled
down drains were inserted into the consolidometer cells and allowed to degrade in the
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soil at the same pressure as the preconsolidation pressure for the required number of
months as given in Table 3.2. The pressure was monitored on a daily basis to look for
any potential pressure loss using a pressure screw. Once the degradation was complete,
the drains were consolidated on one of the three testing rigs made for this experiment.
As the specimens were prepared using the same approach it is assumed that that the
radial pore pressure profile should be similar for all cases, and hence only few of the
cases were chosen for radial pore pressure measurement to minimise further disturbance
to soil samples. Also, calibration and constant monitoring were required for all these
piezometers and hence it was decided to use them only in cases where there was
sufficient time for the pore water pressure to fully dissipate.
The time period was from 1 month to 24 months as shown in Table 3.2. PVJD jute filter
coconut coir was used for these experiments. Steps of the process have been described
graphically in Fig. 3.6.
S. NO

1
2
3
4
5
6
7

Duration
for Radial
Pore- Duration
for Radial
PoreDegradation
& Pressure
Degradation
& Pressure
Clogging
Measurement
Clogging
Measurement
(JUTE DRAIN)
(WICK DRAIN)
1 Months
NO
1 Months
NO
4 Months
NO
4 Months
NO
6 Months
YES
6 Months
YES
9 Months
NO
9 Months
NO
12 Months
YES
12 Months
YES
18 Months
YES
18 Months
YES
24 Months
YES
24 Months
YES
Table 3.2: Testing Program of the 400 mm Consolidometer Test
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(a)

(b)

(c)

(d)

Fig 3.6 : Steps of setting up the degradation test (a) A scaled down version of the drain
is inserted in a pre-consolidated sample (b) and (c) The drain is then allowed to degrade
for the required time (d) Consolidation test on the degraded drain
3.3.2 Results and Discussion
Results based on the successive consolidation tests are shown in Fig. 3.7 and Fig. 3.8
which compare the settlement profile of jute drains and wick drains at different time
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periods. The effect of degradation and clogging on these drains is evident from these
figures. As the period of degradation increases, the consolidation efficiency of both
wick and jute drains decreases leading to a higher time to reach consolidation. There is
no appreciable effect on wick drains for a period of about 4 months whereas the jute
drain starts showing the effects of degradation and consolidation immediately. The time
for 90% consolidation in jute drains after being subjected to 24 months of degradation
was observed to be ~215 days.
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Fig. 3.7 Settlement profile of wick drains and jute drains for the successive
consolidation test (a) Wick Drains (b) Jute Drains

Fig 3.8 Time taken for achieving 90% consolidation (in days) plotted against the
number of months the jute drain was degraded for
59

3.4 Post-processing experiments on degraded jute drains
3.4.1 Visual Inspection
To quantify the degradation of jute drains visual inspection was performed for each of
the drains in the successive consolidation test (Fig. 3.9). The figure shows that the
aperture in the mesh of 0.04 mm increases with time due to rapid decay of the natural
fiber owing to action of bacteria and chemicals in the soil which will lead to a higher
degree of clogging and a lower drain discharge capacity. As the decay process continues
the fibers are not able to maintain sufficient adhesion among themselves leading to an
increase in the aperture of the filter.

Drain
1 Month

6 Months

Jute Filter

Drain
12 Months

Jute Filter

24 Months

Fig. 3.9 Magnified images capturing the extent of degradation in the drains from 1-24
months
3.4.2 Fourier Transform Infrared Spectroscopy (FTIR)
FTIR is a technique which is used to find out the changes in bonding structure of
organic compounds as they are exposed to different chemical conditions by observing
the changes in transmittance of light through the sample. The reduction in strength and
ultimate failure of jute fibres is primarily linked to the strength of C-O and C-O-C
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bonds of ester groups of lignin and hemicellulose as these are typically the weakest
bonds in the organic structure of jute (Ratledge C. ,2012). The results for our samples
are shown in Fig. 3.10 .The primary difference in the spectral response for different
drains comes at a wavenumber of 1015 cm-1 which indicates that as jute drains are
exposed to the soil the fibres and bonds become weaker. These bonds ultimately break
leading to a complete disintegration of the jute fibres in the soil due to the action of
micro-organisms. However, no complete breakage is observed in all samples in the
successive consolidation test during the period from 1-24 months indicating that
although the degradation is observed the integrity of jute drains should withstand the
degradation process at least for 2 years before complete disintegration.
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Fig. 3.10 FTIR spectrograms for (a) 0-9 months (b) 12-24 months
3.4.4 Scanning Electron Microscopy (SEM) and Magnetograms
Both fresh and degraded drain samples were inspected under a scanning electron
microscope and their magnetograms were also plotted to find the variation in elemental
decomposition due to the effect of clogging. The SEM images of the fresh and clogged
drain are provided in Fig 3.11 and Fig 3.12 respectively. These images show the fibre
structure at a microscopic level and the reduction in porosity of the filter due to
clogging. As observed in Fig. 3.11 the jute filter is a dense fabric with a large surface
area that is responsible for the highly hygroscopic nature of Jute. However, as time
passes smaller sized soil particles tend to cover up this large surface area leading to an
adverse hydraulic potential and reducing the flow of water through the filter. Fig
3.13(a),(b) and (c) show the magnetograms of the fresh sample, degraded drain samples
at 4 months and 24 months respectively, it can be clearly observed that the changes in
elemental decomposition of the sample (consisting of carbon, hydrogen and oxygen and
primarily composed of C-O and O-H bonds) occurs due to clogging of the drain filter.
As Ballina clay is high in composition in terms of alumino-silicates such as kaolinite
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(2.3-24.5%), illite (7.8-23.3%) and quartz (8.8-55.9%) (Pineda et. al. (2016)), more
impregnation of the drain with the soil leads to an increase in the percentage
concentration of aluminium and silicon. It is also noteworthy that the amount of carbon
in the sample reduces significantly.

Fig 3.11 SEM of a fresh Drain (20 times magnified – 1 cm = 500 µm)

(b)

(a)

Fig 3.12 SEM of clogged sections of drain – (a) 4 months (b) 24 months (20 times
magnified – 1 cm = 500 µm)
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(a)

(b)
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(c)

Fig 3.13 Magnetograms of (a) the fresh jute drain, with the high amount of carbon and
oxygen due to the presence of jute (b) the 4-month clogged drain and (c) the 24-month
clogged drain with a higher amount of silica, aluminum and oxygen as compared to the
fresh drain
3.4.3 Thermogravimetric Analysis
Thermogravimetric analysis, popularly abbreviated as TGA is an experimental
technique by which the decomposition or evaporation properties of a volatile material
can be measured. It consists of heating the sample in a controlled atmosphere (such as
Air, Nitrogen, Helium etc.) at a constant ramp rate (in temperature) to reach a prespecified high temperature value. The amount of weight loss exhibited by the sample is
primarily due to loss of volatile materials, oxidation, breakage of bonds which indicates
their thermal stability and their decomposition pattern. For our experiments, we used a
TA instruments discovery TGA apparatus with 4 channel gas blending and 10−7 g
resolution

available

at

University

of

(http://sydney.edu.au/science/chemistry/facilities/thermophysical-propertiesfacility.shtml).
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Sydney

The maximum temperature was chosen to be 600 degrees Celsius with a ramp rate of 5
degrees/min carried out in an inert atmosphere of nitrogen. The value of maximum
temperature was chosen so as to avoid further breakage of C-O bonds in jute. The
primary interest was to correlate the weight loss observed in TGA to assess the time
dependent degradation of Jute drain installed in natural soil and to understand the
various stages of the degradation process. The nature of this correlation and how it was
used in the proposed numerical analysis was discussed in details in Chapter 5.
The thermogravimetric curves and the mass loss observed in the drains at various stages
of degradation are given in Fig. 3.14 and Fig. 3.15 respectively. It can be clearly seen
that the nature of mass loss observed in the TGA experiment can be divided into two
distinct phases, first for the first 1-6 months and the other after 9 months. The weight
loss during the first time span is much higher to that during second timespan due to the
weight loss associated with the volatile materials present in the jute fiber. The second
timespan shows a relatively low amount of change with weight loss due to higher
thermal stability of coir present in the jute filter. This is also consistent with the visual
representation depicted in Fig 3.9 where the 1-month and the 6-month degraded drains
show a lot of small auxiliary fibres which are not observed in the 12-month and 24month degraded drains, these small auxiliary fibres represent the volatile part of jute
which is easily decomposed due to the action of microorganisms in the soil. The percent
mass loss observed for the samples varies from 75% for the 1-month drain to about 35%
for the 24-month drain.
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Fig 3.14 Thermogravimetric curves of drain samples degraded from 1-24 months

Fig 3.15 % Mass loss vs the time of degradation for the jute drain

3.5 Conclusion
In this chapter, we have reported the results pertaining to the rigorous experimentation
program carried out on Jute drains over a time span of 2 years. It is abundantly clear that
clogging and degradation both affect the consolidation process in a jute drain but design
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changes in the drain can certainly lead to a faster consolidation at par with that of
synthetic drains. We also looked at a number of post-processing techniques that allowed
us a deeper insight into the process of degradation of jute drains. In the following
chapters, we will try to see whether our proposed analytical model agrees with the data
from our experiments. In the subsequent chapter, we analyze the 650mm experiment in
greater detail and also propose a new technique of estimating the smear zone around the
drain.
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Chapter 4
DETERMINATION OF SMEAR ZONE USING PORE
PRESSURES
4.1 Introduction
The process of installation of a vertical drain causes a disturbed zone around itself
owing to the force exerted by the mandrel on the soil. This zone is known as the smear
zone, where the properties of the clay are changed in such a way that the lateral
permeability is significantly decreased, thereby increasing the time for consolidation.
Hansbo (1960) observed that drain installation could cause a change in the pore water
pressure dissipation especially in the smear zone but no method to determine its extent
was proposed. The smear (disturbed) zone can be usually characterised using either the
variation in soil permeability or the moisture content (Onoue et al. (1991), Sharma and
Xiao (2000), Sathananthan and Indraratna (2006)). These techniques often require
careful small specimen extraction from the smear zone to conduct oedometer testing,
from which the change in the coefficient of permeability can be obtained. At least 2 test
specimens are required (i.e. to determine the smear and to obtain the consolidation
curve). The coefficient of permeability is a function of the pore water pressure gradient
at a given location. Therefore, the existing techniques of determining the coefficient of
permeability using small specimens obtained from various locations are considered to
be an indirect approach to characterize the extent of the smear zone.
In this chapter, a different approach to establish the smear zone is proposed, based on
measured excess pore pressure dissipation trend as this can be a more practical solution
if sufficient piezometers are provided in the field, and there is no need for extensive soil
sampling for evaluating permeability and water content after the drains are installed.
Furthermore, this technique allows both the smear zone evaluation and consolidation
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analysis to be conducted using the same soil sample. The smear zone is evaluated by
considering the change of hydraulic gradient towards the vertical drain.
The results obtained by this technique have been compared with other traditional
methods of quantifying smear based on the observed variation of water content and the
lateral permeability coefficient (𝑘ℎ ).

Also, the predicted consolidation curve

incorporating the smear effect has been compared with the observed time-settlement
data. The past methods of evaluating the permeability ratio (𝑘ℎ /𝑘𝑣 ) and water content
variation for quantifying smear takes a considerable amount of field sampling and
laboratory efforts, whereas the proposed technique of examining the radial derivative of
hydraulic gradient to establish the zone of smear can be executed swiftly, if an adequate
number of piezometers can be provided in the field.

4.2 Methodology
Based on the dissipation of pore water pressure, the following method is proposed to
determine the variation of the coefficient of permeability within the smear zone. The
governing equation for excess pore pressure dissipation in a saturated soil considering
both

vertical

and

radial drainage,

can

be expressed by (Barron, 1948):

𝜕𝑢 𝑘𝑣 𝑚𝑣 𝑘ℎ (𝑟) 𝜕 2 𝑢 𝜕𝑢
𝜕 2𝑢
=
(
( 2+
) + 2)
𝜕𝑡
𝛾𝑤
𝑘𝑣
𝜕𝑟
𝑟𝜕𝑟
𝜕𝑧

(4.1)

where 𝑢 is the excess pore water pressure at location (r,z) at time t,

𝑚𝑣 is the

coefficient of volume compressibility, 𝛾𝑤 is the unit weight of water, 𝑘𝑣 is the vertical
permeability coefficient assumed

to be unchanged, and

𝑘ℎ (𝑟) is the horizontal

permeability at radius r.
The vertical permeability of the sample (𝑘𝑣 = 5 × 10−10 𝑚/𝑠) and the coefficient of
volume

compressibility

(𝑚𝑣 = 0.0066 𝑚2 /𝑘𝑁)

were

determined

using

the

consolidation curve obtained from the large-scale consolidometer without a vertical
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drain, but under the same loading conditions. Based on the boundary condition of free
drainage at the drain and top of the sample, Equation (4.1) can be discretized using the
finite difference technique. For a given pore pressure dissipation curve at a known radial
location at a given depth, the normalised horizontal permeability, i.e. ratio 𝑘ℎ (𝑟)/𝑘𝑣 at
any radius r can then be established using either a quasi-linear or parabolic relationship
(Walker and Indraratna, 2006).
4.3 Results and Discussion
The predictions of normalised pore water pressure (𝑢/𝜎0 ) using Equation (4.1) with the
data measured at different radii are shown in Fig. 4.1 for the 650 mm case, where 𝑢 is
the excess pore water pressure and 𝜎0 is the applied pressure (60 kPa). Note that the
gradient or rate of pore water dissipation increases when the measurements are closer to
the drain. The variations of normalised lateral permeability (𝑘ℎ /𝑘𝑣 ), the normalised
water content ((wmax-w)/wmax and the pore pressure gradient (Eq. 4.1) are plotted in Fig.
4.2 for the 650 mm and 400 mm consolidometer tests respectively (as discussed in
Section 3.2), where wmax and w are the maximum water content and the water content at
a given location, respectively. Let’s take the 650-mm case for a detailed explanation, the
normalised lateral permeability in this case increases from 1.6 at r = 15 mm (𝑟/
𝑟𝑚 =0.38) to 2.2 at r = 100mm (𝑟/𝑟𝑚 =2.5), and it is almost unaffected beyond 100 mm,
thus demarcating the undisturbed zone. The trends for both indices are similar, in that
the boundary of the smear zone is close to 100 mm, which is about 2.5 times the
mandrel radius (𝑟𝑚 ) and 3.1 times the drain radius (𝑟𝑤 ). The extent of the smear zone
obtained by the proposed method has been validated with that obtained from the
moisture content measurement. This also agrees with the values provided earlier by
Sathananthan & Indraratna (2006) for a soft estuarine clay from the eastern coast of
NSW (town of Moruya), where they reported the radius of the smear zone as being
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abount 2.5 times the equivalent mandrel radius.

(a)

(b)
Fig. 4.1 Excess pore pressure dissipation (Measured & calculated) at different
locations
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The trend of excess pore pressure dissipation towards the vertical drain where smear
effects are expected to be prominent, is also examined in this study. Based on Equation
(4.1) for a given depth z and a time t, the radial derivative of excess pore pressure, i.e.
(𝑑𝑢/𝑑𝑟) is plotted in Fig. 4.2(c) for both cases of “with smear” and “without smear”,
the latter being the theoretical plot based on Barron (1948) while the former is plotted
using the experimental data. Given that (a) the variation of k h along the radial direction
would converge to the constant horizontal permeability in the undisturbed zone and (b)
𝑑𝑢
𝑑𝑟

is inversely proportional to the horizontal permeability when the vertical permeability

is constant in the unit cell, the plots of

du
dr

for both cases (i.e. “with smear” and “without

smear”) can be used to determine the smear zone at the intersection of these two curves.
The results show that the two curves intersect at a specific radial distance (𝑟 = 100)
which demarcates the boundary of the smear zone, beyond which the change in
permeability is marginal, i.e. the permeability is unaffected by the drain installation.
The smear zone established using the aforementioned method falls well within the
theoretical drain influence zone where the value of

du
dr

changes significantly (see Fig.

4.2), beyond which only vertical flow may be significant. The results for the 400 mm
consolidometer test are similar and have been shown in Fig. 4.3, the smear zone in this
case is observed at an 𝑟/𝑟𝑚 value of 2.6 and agrees with the results obtained by the
determination of smear zone measured by permeability and water content. Table 4.1
summarises the smear zone characteristics from previous studies. It can be seen that the
measured values in the current study are in conformity with those reported in the past.
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Source

𝒓𝒔 /𝒓𝒎

𝒌𝒉 /𝒌𝒔

Barron (1948)

1.6

3 (1)

Hansbo (1981)

1.5

3(1)

Bergado et al. (1991)

2

N/A

Onoue et. al. (1991)

1.6

3(1)

Almeida and Ferreira (1993)

1.5-2

3-6 (1)

Indraratna & Redana (1998)

4

1.15(2)

Chai & Miura (1999)

2-3

N/A

Hird and Moseley (2000)

1.6

3(1)

Sharma and Xiao (2000)

4

1.3(2)

2.5

1.3(2)

Sathananthan & Indraratna(2006)

Current study
2.5
1.3(2)
[1] Average 𝑘ℎ /𝑘𝑠
[2] Minimum 𝑘ℎ /𝑘𝑠 at the drain interface
𝑟𝑠 : Radius of smear zone, 𝑟𝑚 : Equivalent radius of mandrel, 𝑘𝑠 : Horizontal permeability in the smear
zone, 𝑘ℎ : Horizontal permeability in the undisturbed zone

Table 4.1: Extent of Smear Zone and permeability as reported in the literature

Fig. 4.2 Variations of permeability and normalized water content away from the centre
for the 650 mm consolidometer test(a) permeability, and (b) normalized water content
(c) Pore Pressure Gradient
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Fig. 4.3 Variations of permeability and normalized water content away from the centre
for the 400 mm consolidometer cell (a) permeability, and (b) normalized water content
(c) Pore Pressure Gradient

So far, only the pore pressure data near the smear zone have been used to establish its
characteristics, so to validate these findings, the results were used in conjunction with
the consolidation theory, while considering the vertical and horizontal drainage (Carrillo
(1942)). The average degree of consolidation (𝑈) based on settlement can be given by:
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As proposed by Walker and Indraratna (2006) and (2007), the values of  can be
determined based on whether the variations in permeability are linear or parabolic,
therefore:
𝑛
3 𝜅(𝑠 − 1)
𝑠
𝜇𝐿 = ln ( ) − +
ln ( ) ;
𝑠
4
𝑠−𝜅
𝜅

𝑓𝑜𝑟 𝑙𝑖𝑛𝑒𝑎𝑟 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛

(4.3)

𝜇𝑃

𝑛
3
𝜅(𝑠 − 1)2
𝑠
= ln ( ) − + 2
ln ( )
𝑠
4 𝑠 − 2𝜅𝑠 + 𝜅
√𝜅
𝑠(𝑠 − 1)√𝜅(𝜅 − 1)
√𝜅 + √𝜅 − 1
−
ln (
) ; 𝑓𝑜𝑟 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑖𝑐 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛
2
2(𝑠 − 2𝜅𝑠 + 𝜅)
√𝜅 − √𝜅 − 1

(4.4)

where n = re rw , s = rs rw ,  = k h / k s , k h = undisturbed horizontal coefficient of
permeability, k s = minimum horizontal coefficient of permeability in the disturbed
zone,

 = ratio of undisturbed permeability to permeability at the drain/soil interface, l

= drain length,

d e = the diameter of soil cylinder dewatered by a drain, d s = the

diameter of the smear zone and d w = the equivalent diameter of the drain. The values of
other parameters based on Fig. 4.2 for the 650-mm case are given as follows: 𝑛 = 9.84,
𝑠 = 1.51, 𝜅 = 1.31, 𝑘ℎ = 1.11 × 10−9 𝑚/𝑠 and 𝑘𝑣 = 5 × 10−10 𝑚/𝑠
Fig. 4.3 presents a comparison between the predictions of degree of consolidation based
on the measured settlement using Equation (4.2) for different permeability profiles for
the smear zone in relation to laboratory data for the 650 mm case. The predictions based
on the variations in permeability are in acceptable agreement with the measured data
and support the fact that our method succeeds in determining the extent of the smear
zone with the same accuracy as that of the traditional methods of smear zone
determination.
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Fig. 4.4 Comparison between the measured and calculated average degree of
consolidation by settlement for different smear profiles
4.4 Summary
In this study, the extent of the smear zone for remoulded Ballina clay was determined
graphically using the excess pore pressure (u) data, and then identifying the radial
distance (r) at which the two curves for (𝑑𝑢/𝑑𝑟) (i.e. with smear and without smear)
intersect. The size of smear zone based on this approach was approximately 2.5 times
the equivalent mandrel diameter, and this was in very good agreement with the smear
zone established using two past methods based on the variations of lateral permeability
and water content. When the size of the smear zone and the variation of kh within the
smear zone were incorporated, the time-settlement predictions were in excellent
agreement with the measured consolidation data. Considering that the previous
approaches involve extensive soil sampling and laboratory effort, the proposed
technique should be verified with the field data, if an adequate number of piezometers
can be provided in the field. In an idealistic framework that the equations have been
derived, the shear strength would increase as the degree of consolidation increases but it
is not a determining factor for the extent of the smear zone as per Barron’s equations
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(Eqn. 4.1). In the author’s opinion, in a real world scenario the shear strength should be
a determining factor but it would have a smaller role to play as compared to the volume
compressibility of the soil
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Chapter 5
ANALYTICAL MODELLING FOR RADIAL
CONSOLIDATION CAPTURING DRAIN CLOGGING AND
DEGRADATION
5.1 Introduction
One of the most common phenomena that may occur in natural drains is clogging,
buildup of soil particles on the drain filter upon drain degradation that hinders
dissipation of excess pore pressure. This chapter presents the theoretical basis
considering these effects. Although clogging has been observed in the drains in the past
(Miura et al., 1993 and Mesri et al. 1994), limited study has been achieved in modeling
the effects of clogging in numerical and analytical methods (Basu & Madav 2000).
Previous study of clogging in geotextile filters has been often restricted to a physical
modelling at the interface between soil grains and filters to capture particle-filter
interactions. Considering mass and momentum conservation principles, one can relate
properties such as particle size distribution, mass flow rate and filter capacity to changes
in permittivity of the filter medium. Since it is difficult to model the random
arrangement of voids in the filter, assumptions regarding its structure are made and they
are usually modelled as a cubic or tetrahedral arrangement (Locke et. al. 2001).
Another approach of assessing the permeability of the filter as a function of time is to
assume that the deposition of the soil in the filter is dependent on probabilistic. Xiao &
Reddi (2000) developed a clogging model based on the assumption that the pores in the
filter are long cylinders and asserted that the deposition process of a particle inside these
cylinders is a probabilistic process parametrized by a constant. However, the
determination of the constant for different geotextiles requires further refinement. The
parameter for synthetic geotextiles might be different by an order of magnitude in
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comparison to natural geotextiles (Xiao and Reddi 2000).
A similar argument can be given for physical models such as those developed by Locke
et. al. (2001), these models usually deploy empirically derived equations for
determining viscosity interactions. Such empirical models are usually relevant for a very
narrow range of parameters and cannot be generalized for different categories of soils
and geotextiles encountered in practical engineering problems.
To overcome the limitation mentioned in the existing models, a new methodology to
incorporate clogging in the consolidation model for vertical drains was proposed to
capture the variation of the soil-drain interface permittivity with time under a free strain
condition. Analytical modelling of the clogging phenomenon was derived considering
the effects of both smear and well resistance as well as the ability to vary the discharge
capacity through the length of the consolidation process. Linear and parabolic variations
of permeability in the smear zone were included.
5.2 Analytical Solution of the radial consolidation considering clogging
5.2.1 Free Strain Solution in the absence of Smear Zone and Well Resistance
The governing equation for consolidation considering vertical and radial flow can be
expressed as (Barron,1948):
1 𝜕𝑢
𝜕 2 𝑢 1 𝜕𝑢
𝐶𝑣 𝜕 2 𝑢
=( 2+
)+
𝐶ℎ 𝜕𝑡
𝜕𝑟
𝑟 𝜕𝑟
𝐶ℎ 𝜕𝑧 2

(5.1)

Here 𝑢 is the pore water pressure in the unit cell, 𝐶ℎ is the coefficient of horizontal
consolidation, 𝐶𝑣 is the coefficient of vertical consolidation and (𝑟, 𝑧, 𝑡) are the radial,
vertical and temporal dimensions respectively.
The boundary conditions considering vertical and horizontal drainage being applied to
(5.1) are as follows:
𝑢(𝑟, 0, 𝑡) = 0 for 𝑧 = 0
80

(5.2)

𝜕𝑢
= 0 for 𝑧 = 𝐻
𝜕𝑧

(5.3)

𝜕𝑢
𝜓
= ( ) (𝑢𝑟𝑤 − 𝑢∞ ) for 𝑟 = 𝑟𝑤
𝜕𝑟
𝑘ℎ

(5.4)

𝜕𝑢
= 0 for 𝑟 = 𝑟𝑒
𝜕𝑟

(5.5)

The usual boundary condition considering free drainage at the vertical drain is 𝑢 = 0 at
𝑟 = 𝑟𝑤 . In this study the new boundary condition (5.4) was introduced to account for the
change in interface permittivity due to the effect of clogging. This condition was
incorporated to account for the soil impregnation that happens in the filter evident from
the results of the visual and SEM experiments mentioned in Chapter 3. 𝜓 is the
permittivity of the soil drain interface in question and 𝑢𝑟𝑤 and 𝑢∞ denote the pore water
pressures just inside the interface and in the normal zone.
The solution of equation (5.1) can be achieved by the method of separation of variables.
Let the variable 𝑢 be expressed as the product of the radial distance 𝑅(𝑟), the depth
𝑍(𝑧) and the time 𝑇(𝑡):
𝑢 = 𝑅(𝑟)𝑍(𝑧)𝑇(𝑡)

(5.6)

Substituting 𝑢 in (5.1) and dividing by 𝑅(𝑟)𝑍(𝑧)𝑇(𝑡), we get
1 𝜕𝑇(𝑡)
1 𝜕 2 𝑅(𝑟) 1 𝜕𝑅(𝑟)
𝐶𝑣 1 𝜕 2 𝑍(𝑧)
=
(
+
)
+
𝐶ℎ 𝑇(𝑡) 𝜕𝑡
𝑅(𝑟) 𝜕𝑟 2
𝑟 𝜕𝑟
𝐶ℎ 𝑍(𝑧) 𝜕𝑧 2

(5.7)

Since the right-hand side is independent of time, it can be written as (where 𝑤 is a
constant):
1 𝜕𝑇(𝑡)
= −𝑤 2
𝐶ℎ 𝑇(𝑡) 𝜕𝑡

(5.8)

Integrating with respect to time, we get:
𝑇(𝑡) = exp(−𝑤 2 𝐶ℎ 𝑡)
Using the independence argument for the z-component as shown in (5.8), we get
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(5.9)

𝜕 2 𝑍(𝑧)
𝐶ℎ
= − ( 𝛾 2 ) 𝑍(𝑧)
2
𝜕𝑧
𝐶𝑣

(5.10)

Equation (5.10) is the equation for the harmonic oscillator and the solution is given by:
𝐶ℎ
𝐶ℎ
𝑍(𝑧) = 𝐴 sin (𝛾√ 𝑧) + 𝐵 𝑐𝑜𝑠 (𝛾√ 𝑧)
𝐶𝑣
𝐶𝑣

(5.11)

Incorporating the boundary condition shown in Equation (5.2) in Equation (5.11)
𝐶ℎ
𝑍(𝑧) = 𝐴 sin (𝛾√ 𝑧)
𝐶𝑣

(5.12)

Also, to satisfy Equation (5.3)
𝜕𝑍
𝐶ℎ
𝐶ℎ
= 𝐴𝛾√ 𝑐𝑜𝑠 (𝛾√ 𝑧) = 0
𝜕𝑧
𝐶𝑣
𝐶𝑣

(5.13)

𝐶ℎ
𝜋
𝐻 = 𝑛𝜋 −
𝐶𝑣
2

(5.14)

𝛾√

𝑧
𝜋
𝑍(𝑧) = 𝐴 sin (( ) (𝑛𝜋 − ))
𝐻
2

(5.15)

where 𝐴 is a constant to be determined.
Solving for the radial component of the consolidation equation, we get:
𝜕 2 𝑅(𝑟) 1 𝜕𝑅(𝑟)
+
+ (𝑤 2 − 𝛾 2 )𝑅(𝑟) = 0
𝜕𝑟 2
𝑟 𝜕𝑟

(5.16)

Equation 5.16 is a modified Bessel equation and the associated solutions are given by:
𝑅(𝑟) = [𝐶1 𝐽0 (√𝑤 2 − 𝛾 2 𝑟) + 𝐶2 𝑌0 (√𝑤 2 − 𝛾 2 𝑟)]

(5.17)

where 𝐶1 and 𝐶2 are arbitrary constants. 𝐽 and 𝑌 are Bessel functions of the first and
second kind respectively. The expressions for the Bessel functions of the first kind is
given below:
∞

𝐽𝑝 (𝑥) = ∑
𝑚=0

(−1)𝑚
𝑥 2𝑚+𝑝
( )
𝑚! Γ(𝑚 + 𝑝 + 1) 2
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(5.18𝑎)

The Bessel function of the second kind can be expressed in a concise form in terms of
𝐽𝑝 (𝑥).

𝑌𝑝 (𝑥) =

(𝐽𝑝 (𝑥) cos(𝑝𝜋) − 𝐽−𝑝 (𝑥))

(5.18𝑏)

sin(𝑝𝜋)

𝑢(𝑟, 𝑧, 𝑡) = [𝐶1 𝐽0 (√𝑤 2 − 𝛾 2 𝑟) + 𝐶2 𝑌0 (√𝑤 2 − 𝛾 2 𝑟)]
𝑧
× [sin ( (𝑛𝜋
𝐻
𝜋
− ) )] exp(−𝑤 2 𝐶ℎ 𝑡)
2

(5.19)

where the constant 𝐴 can be represented by 𝐶1 and 𝐶2
Based on boundary condition depicted by Equation (5.5), we get:

𝐶2 = −𝐶1

𝐽1 (√𝑤 2 − 𝛾 2 𝑟𝑒 )

(5.20)

𝑌1 (√𝑤 2 − 𝛾 2 𝑟𝑒 )

Substituting 𝑤 2 − 𝛾 2 = 𝛼 2 and using boundary condition (5.4) the following condition
is obtained:
−𝐶1 𝛼
𝑧
𝜋
2
2
(
) [𝑌1 (𝛼𝑟𝑒 ) 𝐽1 (𝛼𝑟𝑤 ) − 𝑌1 (𝛼𝑟𝑤 )𝐽1 (𝛼𝑟𝑒 )] × sin ( (𝑛𝜋 − ) ) 𝑒 −(𝛾 +𝛼 )𝐶ℎ 𝑡
𝑌1 (𝛼𝑟𝑒 )
𝐻
2
=(

𝜓
) (𝑢𝑟𝑤
𝑘ℎ

− 𝑢∞ )
𝑢(𝑟, 𝑧, 𝑡) = (

(5.21)

−𝐶1
) [𝑌 (𝛼𝑟)𝐽1 (𝛼𝑟𝑒 ) − 𝐽0 (𝛼𝑟)𝑌1 (𝛼𝑟𝑒 )]
𝑌1 (𝛼𝑟𝑒 ) 0
𝑧
× sin ( (𝑛𝜋
𝐻
𝜋
2
2
− )) 𝑒 −(𝛾 +𝛼 )𝐶ℎ 𝑡
2

(5.22)

Using value at 𝑟 = 𝑟𝑤 from Equation (5.20), the Equation (5.23) can be derived:
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𝑢𝑟𝑤 − 𝑢∞
=(

−𝐶1
𝑧
𝜋
2
2
) [𝑌0 (𝛼𝑟𝑤 )𝐽1 (𝛼𝑟𝑒 ) − 𝐽0 (𝛼𝑟𝑤 )𝑌1 (𝛼𝑟𝑒 )] × sin ( (𝑛𝜋 − )) 𝑒 −(𝛾 +𝛼 )𝐶ℎ 𝑡
𝑌1 (𝛼𝑟𝑒 )
𝐻
2

− 𝑢∞

(5.23)

Based on Equations (5.21) and (5.23) and assuming that the pressure inside the drain is
very small i.e. 𝑢∞ → 0 , 𝛼 is a root of the following equation
[

𝜓
[𝑌 (𝛼𝑟 )𝐽 (𝛼𝑟 ) − 𝐽0 (𝛼𝑟𝑤 )𝑌1 (𝛼𝑟𝑒 )] − 𝛼[𝑌1 (𝛼𝑟𝑒 ) 𝐽1 (𝛼𝑟𝑤 ) − 𝑌1 (𝛼𝑟𝑤 )𝐽1 (𝛼𝑟𝑒 )]]
𝑘ℎ 0 𝑤 1 𝑒

=0

(5.24)

In the limit → ∞ , the above equation reduces to
[𝑌0 (𝛼𝑟𝑤 )𝐽1 (𝛼𝑟𝑒 ) − 𝐽0 (𝛼𝑟𝑤 )𝑌1 (𝛼𝑟𝑒 )] = 0

(5.25)

The above equation is exactly what is achieved when we are solving the equation under
normal boundary conditions of 𝑢 = 0 𝑎𝑡 𝑟 = 𝑟𝑤 (Zhu & Yin 2001). Assuming the
average pore water pressure is 𝑢̅0 , averaging the final expression for 𝑢 as given in
Equation (5.22) gives
𝑢(𝑟, 𝑧, 𝑡) = 𝑢̅1 [𝑌0 (𝛼𝑟)𝐽1 (𝛼𝑟𝑒 ) − 𝐽0 (𝛼𝑟)𝑌1 (𝛼𝑟𝑒 )]
𝑧
𝜋
2
2
× sin ( (𝑛𝜋 − )) 𝑒 −(𝛾 +𝛼 )𝐶ℎ 𝑡 (5.26)
𝐻
2
where
𝑢̅1 =

𝛼𝑢̅0 (𝑟𝑒2 − 𝑟𝑤2 )
1
(
)
[𝐽1 (𝛼𝑟𝑤 )𝑌1(𝛼𝑟𝑒 ) − 𝑌1 (𝛼𝑟𝑤 )𝐽1 (𝛼𝑟𝑒 )]
4𝑟𝑤

(5.27)

5.2.2 Free Strain Solution with Smear Zone and Well Resistance
Equation (5.1) for the case of varying permeability can be written as:
1 𝜕𝑢
𝑘ℎ 𝜕 2 𝑢 1 𝜕𝑢
𝐶𝑣 𝜕 2 𝑢
= ( )( 2 +
)+
𝑟 𝜕𝑟
𝐶ℎ̅ 𝜕𝑡
𝐶ℎ̅ 𝜕𝑧 2
𝑘̅ℎ 𝜕𝑟
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(5.28)

where
𝐶ℎ̅ =

𝑘̅ℎ
𝑚𝑣 𝛾𝑤

(5.29)

The accent on top of the variables denotes average values. The solution procedure is
similar to that described in the previous section. The values for the time component and
the vertical variation of the pore pressure can be given by:
𝑇(𝑡) = exp(−𝑤 2 𝐶ℎ̅ 𝑡)

(5.30)

𝑧
𝜋
𝑍(𝑧) = 𝐴 sin (( ) (𝑛𝜋 − ))
𝐻
2

(5.31)

where 𝐴 is a constant to be determined
Note that the time and the z-component remain the same as given in Section 5.2.1,
therefore solution for the radial part of the equation is presented here,
𝜕 2 𝑅(𝑟) 1 𝜕𝑅(𝑟)
𝑘̅ℎ
+
+
(
) (𝑤 2 − 𝛾 2 )𝑅(𝑟) = 0
𝜕𝑟 2
𝑟 𝜕𝑟
𝑘ℎ

(5.32)

Let us denote replace 𝑤 2 − 𝛾 2 𝑤𝑖𝑡ℎ 𝛼 2 , then the Equation (5.32) can be expressed as:
𝜕 2 𝑅(𝑟) 1 𝜕𝑅(𝑟)
𝑘̅ℎ 2
+
+
(
) 𝛼 𝑅(𝑟) = 0
𝜕𝑟 2
𝑟 𝜕𝑟
𝑘ℎ

(5.33)

We now consider the solution of Equation (5.33) for different variations in smear zone
permeability expressed in terms of higher order polynomials.
5.2.2.1 Smear Zone with a linear variation of permeability
The variation of permeability in the smear zone can be expressed as (Walker &
Indraratna, 2006)
𝑘ℎ = 𝑘̅ℎ (𝑎 + 𝑏𝑟)

(5.34)

where 𝑎 and 𝑏 are constant coefficients.
The permeability in the undisturbed zone for maintaining continuity can thus be given
as:
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𝑘𝑒 = 𝑘̅ℎ (𝑎 + 𝑏𝑟𝑠 )

(5.35)

The differential Equation (5.33) is then re-expressed as:
𝜕 2 𝑅(𝑟) 1 𝜕𝑅(𝑟)
1
+
+(
) 𝛼 2 𝑅(𝑟) = 0
2
𝜕𝑟
𝑟 𝜕𝑟
𝑎 + 𝑏𝑟

(5.36)

Rearranging the above equation, we get:
(𝑎𝑟 + 𝑏𝑟

2)

𝜕 2 𝑅(𝑟)
𝜕𝑅(𝑟)
(𝑎
+
+
𝑏𝑟)
+ 𝑟𝛼 2 𝑅(𝑟) = 0
𝜕𝑟 2
𝜕𝑟

(5.37)

Equation (5.37) can be solved by assuming a power series solution given by Equation
(5.38).
∞

𝑅(𝑟) = ∑ 𝐴𝑗 𝑟 𝑗

(5.38)

𝑗=0

Substituting the term in the differential Equation (5.37)
∞

(𝑎𝑟 + 𝑏𝑟

2)

∞

∑ 𝐴𝑗 𝑗(𝑗 − 1)𝑟

𝑗−2

∞

+ (𝑎 + 𝑏𝑟) ∑ 𝐴𝑗 𝑗𝑟

𝑗=0

𝑗−1

𝑗=0

2

+ 𝑟𝛼 ∑ 𝐴𝑗 𝑟 𝑗 = 0

(5.39)

𝑗=0

Rearranging the terms and simplifying, we get:
∞

∞
2

∑ 𝛼 𝐴𝑗 𝑟

𝑗+1

𝑗=0

∞
2

𝑗

+ ∑ 𝑏𝑗 𝐴𝑗 𝑟 + ∑ 𝑎𝑗 2 𝐴𝑗 𝑟 𝑗−1 = 0
𝑗=0

(5.40)

𝑗=0

Taking a shift of the terms in the Equation (5.40)
∞

∞

∞

∑ 𝛼 2 𝐴𝑗 𝑟 𝑗+1 + ∑ 𝑏(𝑗 + 1)2 𝐴𝑗+1 𝑟 𝑗+1 + ∑ 𝑎(𝑗 + 2)2 𝐴𝑗+2 𝑟 𝑗+1 = 0
𝑗=0

𝑗=1

(5.41)

𝑗=2
∞

2

2

2

2

𝛼 𝐴0 𝑟 + 𝛼 𝐴1 𝑟 + 4𝑏𝐴2 𝑟 + ∑(𝛼 2 𝐴𝑗 + 𝑏(𝑗 + 1)2 𝐴𝑗+1 + 𝑎(𝑗 + 2)2 𝐴𝑗+2 )𝑟 𝑗+1
𝑗=2

= 0 (5.42)
Hence, all coefficients must be equal to zero. Therefore:
𝐴0 = 0, 𝐴2 = −
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𝛼2
𝐴
4𝑏 1

(5.43)

A recurring relation for rest of the coefficients can be presented as:
𝐴𝑗+2

𝛼 2 𝐴𝑗 + 𝑏(𝑗 + 1)2 𝐴𝑗+1
=−
𝑓𝑜𝑟 𝑗 ≥ 3
𝑎(𝑗 + 2)2

(5.44)

Some of the following coefficients can be given by:
𝛼 2 𝐴1 + 𝑏(1 + 1)2 𝐴2
𝛼 2 𝐴1 + 4𝑏𝐴2
=
−
=0
𝑎(1 + 2)2
9𝑎

(5.45)

𝛼 2 𝐴2 + 𝑏(2 + 1)2 𝐴3
𝛼2
𝛼2
𝛼2
=
−
𝐴
=
(
)
(
)𝐴
𝑎(2 + 2)2
16𝑎 2
16𝑎 4𝑏 1

(5.46)

𝛼 2 𝐴3 + 𝑏(3 + 1)2 𝐴4
16𝑏
𝛼2
𝛼2
=
−
(
)
(
)
(
)𝐴
𝑎(3 + 2)2
25𝑎 16𝑎 4𝑏 1

(5.47)

𝐴3 = −

𝐴4 = −

𝐴5 = −

5.2.2.2 Smear Zone with a parabolic variation of permeability
The parabolic variation of permeability in the smear zone can be shown as (Walker &
Indraratna, 2006):
𝑘ℎ = 𝑘̅ℎ (𝑎 + 𝑏𝑟 + 𝑐𝑟 2 )

(5.48)

where 𝑎, 𝑏 and 𝑐 are constant coefficients
The permeability in the undisturbed zone can be given as:
𝑘𝑒 = 𝑘̅ℎ (𝑎 + 𝑏𝑟𝑠 + 𝑐𝑟𝑠2 )

(5.49)

The differential Equation (5.33) is then re-expressed as:
𝜕 2 𝑅(𝑟) 1 𝜕𝑅(𝑟)
1
+
+
(
) 𝛼 2 𝑅(𝑟) = 0
𝜕𝑟 2
𝑟 𝜕𝑟
𝑎 + 𝑏𝑟 + 𝑐𝑟 2

(5.50)

Rearranging the Equation (5.50) gives:
(𝑎𝑟 + 𝑏𝑟 2 + 𝑐𝑟 3 )

𝜕 2 𝑅(𝑟)
𝜕𝑅(𝑟)
+ (𝑎 + 𝑏𝑟 + 𝑐𝑟 2 )
+ 𝑟𝛼 2 𝑅(𝑟) = 0
2
𝜕𝑟
𝜕𝑟
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(5.51)

Using the same approach, a recurring relation for rest of the coefficients can be derived
as:
𝐴𝑗+2

(𝛼 2 + 𝑐)𝐴𝑗 + 𝑏(𝑗 + 1)2 𝐴𝑗+1
=−
𝑓𝑜𝑟 𝑗 ≥ 3
𝑎(𝑗 + 2)2

(5.55)

The general solution for both cases can be derived as:
∞

𝑧
𝜋
2
2
𝑢(𝑟, 𝑧, 𝑡) = ∑ 𝐴𝑗 𝑟 𝑗 sin ( (𝑛𝜋 − )) 𝑒 −(𝛾 +𝛼 )𝐶̅ℎ 𝑡 𝑓𝑜𝑟 𝑟 ≤ 𝑟𝑠
𝐻
2

(5.56)

𝑗=1

where the recurring coefficients for both the linear and parabolic case are given above.
The solution outside the smear zone remains the same as in the case of a constant
permeability. Therefore:
−𝐶1
𝑢(𝑟, 𝑧, 𝑡) = (
) [𝑌 (𝛼𝑟)𝐽1 (𝛼𝑟𝑒 )
𝑌1 (𝛼𝑟𝑒 ) 0
𝑧
𝜋
2
2
− 𝐽0 (𝛼𝑟)𝑌1 (𝛼𝑟𝑒 )] sin ( (𝑛𝜋 − )) 𝑒 −(𝛾 +𝛼 )𝐶̅ℎ 𝑡 𝑓𝑜𝑟 𝑟
𝐻
2
> 𝑟𝑠

(5.57)

Based on the continuity of the pore pressure at the smear zone boundary, we can derive
following expression:
∞
𝑗

∑ 𝐴𝑗 𝑟𝑠 = (
𝑗=1

−𝐶1
) [𝑌 (𝛼𝑟 )𝐽 (𝛼𝑟 ) − 𝐽0 (𝛼𝑟𝑠 )𝑌1 (𝛼𝑟𝑒 )]
𝑌1 (𝛼𝑟𝑒 ) 0 𝑠 1 𝑒

(5.58)

𝑗

(𝑌1 (𝛼𝑟𝑒 ) ∑∞
𝑗=1 𝐴𝑗 𝑟𝑠 )
𝐶1 = −
[𝑌0 (𝛼𝑟𝑠 )𝐽1 (𝛼𝑟𝑒 ) − 𝐽0 (𝛼𝑟𝑠 )𝑌1 (𝛼𝑟𝑒 )]
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(5.59)

Thus, the expression for pore water pressure outside the smear zone becomes,
∞

[𝑌0 (𝛼𝑟)𝐽1 (𝛼𝑟𝑒 ) − 𝐽0 (𝛼𝑟)𝑌1 (𝛼𝑟𝑒 )]
𝑗
𝑢(𝑟, 𝑧, 𝑡) = (∑ 𝐴𝑗 𝑟𝑠 ) (
)
[𝑌0 (𝛼𝑟𝑠 )𝐽1 (𝛼𝑟𝑒 ) − 𝐽0 (𝛼𝑟𝑠 )𝑌1 (𝛼𝑟𝑒 )]
𝑗=1

𝑧
𝜋
2
2
× sin ( (𝑛𝜋 − )) 𝑒 −(𝛾 +𝛼 )𝐶̅ℎ 𝑡 , 𝑟
𝐻
2
> 𝑟𝑠

(5.60)

The average pore water pressure can thus be calculated as
𝑟𝑠

𝑟𝑒

𝑢̅0 𝜋(𝑟𝑒2 − 𝑟𝑤2 ) = 4 ∫ 𝑢(𝑟, 𝑧, 𝑡) 𝑟𝑑𝑟 + 4 ∫ 𝑢(𝑟, 𝑧, 𝑡) 𝑟𝑑𝑟
𝑟𝑤

(5.61)

𝑟𝑠

Using the boundary condition shown by Equation (5.4),
∞
𝑗−1

∑ 𝑗𝐴𝑗 𝑟𝑤
𝑗=1

𝑧
𝜋
2
2
sin ( (𝑛𝜋 − )) 𝑒 −(𝛾 +𝛼 )𝐶ℎ̅ 𝑡
𝐻
2
∞

𝜓
𝑧
𝜋
2
2
𝑗
= ( ) (∑ 𝐴𝑗 𝑟𝑤 sin ( (𝑛𝜋 − )) 𝑒 −(𝛾 +𝛼 )𝐶̅ℎ 𝑡
̅
𝐻
2
𝑘ℎ
𝑗=1

− 𝑢∞ )
∞

(5.62)

𝑗

ℎ𝐴𝑗 𝑟𝑤
𝜓𝑢∞
𝑧
𝜋
2
2
𝑗−1
= ∑(
− 𝑗𝐴𝑗 𝑟𝑤 ) sin ( (𝑛𝜋 − )) 𝑒 −(𝛾 +𝛼 )𝐶̅ℎ 𝑡
𝑘ℎ
𝑘ℎ
𝐻
2

(5.63)

𝑗=1

𝛼 is a root of the following Equation
∞

∑(
𝑗=1

𝜓𝑟𝑤
𝜓𝑢∞
𝑗−1
− 𝑗) 𝐴𝑗 𝑟𝑤 =
𝑘̅ℎ
𝑘̅ℎ

(5.64)

Assuming that the pressure inside the drain is very small i.e. 𝑢∞ → 0, Equation (5.64)
can be rewritten as:
∞

𝜓𝑟𝑤
𝑗−1
∑(
− 𝑗) 𝐴𝑗 𝑟𝑤 = 0
̅
𝑘ℎ

(5.65)

𝑗=1
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5.2.2.3 Determining the pore water pressure in the drain
Flow in the vertical direction inside the drain can be determined by:
𝜋𝑟𝑤2 𝑘𝑤 𝜕 2 𝑢∞
𝑑𝑄1 =
𝑑𝑧𝑑𝑡
𝛾𝑤 𝜕𝑧 2

(5.66)

Flow in the horizontal direction is expressed as:
𝑑𝑄2 = 𝜋(𝑟𝑒2 − 𝑟𝑤2 )

𝜕𝜀
𝑑𝑧𝑑𝑡
𝜕𝑡

(5.67)

The reduction in flow rate at the boundary due to clogging can be written as:
𝑑𝑞 = 𝜓(2𝜋𝑟𝑤 )(𝑢𝑟𝑤 − 𝑢∞ )𝑑𝑧𝑑𝑡

(5.68)

The flow balance equation can thus be written as:
𝑑𝑄1 = 𝑑𝑄2 − 𝑑𝑞
𝜋𝑟𝑤2 𝑘𝑤 𝜕 2 𝑢∞
𝜕𝜀
𝑑𝑧𝑑𝑡 = 𝜋(𝑟𝑒2 − 𝑟𝑤2 ) 𝑑𝑧𝑑𝑡 − 𝜓(2𝜋𝑟𝑤 )(𝑢𝑟𝑤 − 𝑢∞ )𝑑𝑧𝑑𝑡
2
𝛾𝑤 𝜕𝑧
𝜕𝑡

(5.69)
(5.70)

𝑟𝑤2 𝑘𝑤 𝜕 2 𝑢∞
𝜕𝜀
= (𝑟𝑒2 − 𝑟𝑤2 ) − 𝜓(2𝑟𝑤 )(𝑢𝑟𝑤 − 𝑢∞ )
2
𝛾𝑤 𝜕𝑧
𝜕𝑡

(5.71)

𝜕 2 𝑢∞ 𝛾𝑤 (𝑟𝑒2 − 𝑟𝑤2 ) 𝜕𝜀 𝜓(2𝛾𝑤 )
=
−
(𝑢𝑟𝑤 − 𝑢∞ )
𝜕𝑧 2
𝑘𝑤 𝑟𝑤2
𝜕𝑡
𝑘𝑤 𝑟𝑤

(5.72)

Or if written in terms of the discharge capacity:
𝑞𝑤 = 𝑘𝑤 𝜋𝑟𝑤2
𝜕 2 𝑢∞ 𝛾𝑤 𝜋(𝑟𝑒2 − 𝑟𝑤2 ) 𝜕𝜀 𝜓(2𝜋𝑟𝑤 𝛾𝑤 )
=
−
(𝑢𝑟𝑤 − 𝑢∞ )
𝜕𝑧 2
𝑞𝑤
𝜕𝑡
𝑞𝑤

(5.73)
(5.74)

Rearranging the equation, we have the following differential equation:
𝜕 2 𝑢∞ 𝜓(2𝜋𝑟𝑤 𝛾𝑤 )
𝜓(2𝜋𝑟𝑤 𝛾𝑤 )
𝛾𝑤 𝜋(𝑟𝑒2 − 𝑟𝑤2 ) 𝜕𝜀
−
𝑢
+
𝑢
−
=0
∞
𝑟𝑤
𝜕𝑧 2
𝑞𝑤
𝑞𝑤
𝑞𝑤
𝜕𝑡
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(5.75)

∞

𝜕 2 𝑢∞ 𝜓(2𝜋𝑟𝑤 𝛾𝑤 )
𝜓(2𝜋𝑟𝑤 𝛾𝑤 )
𝑧
𝜋
2
2
𝑗
−
𝑢
+
∑
𝐴
𝑟
sin
(
(𝑛𝜋
−
)) 𝑒 −(𝛾 +𝛼 )𝐶̅ℎ 𝑡
∞
𝑗
𝑤
2
𝜕𝑧
𝑞𝑤
𝑞𝑤
𝐻
2
𝑗=1

𝛾𝑤 𝜋(𝑟𝑒2 − 𝑟𝑤2 ) 𝜕𝜀
−
𝑞𝑤
𝜕𝑡
=0

(5.76)

This can be re-written as:
𝜕 2 𝑢∞
− 𝑝1 𝑢∞ + 𝑝2 sin(𝑝4 𝑧) − 𝑝3 = 0
𝜕𝑧 2

(5.77)

where 𝑝1 , 𝑝2 , 𝑝3 , 𝑝4 are respective constant coefficients w.r.t 𝑧 in the previous equation.
The solution to this equation can be determined by using the method of undetermined
coefficients.
𝑢∞
= 𝑒 −√𝑝1 𝑧 (𝐷1 𝑝12 − 𝑝1 𝑝3 𝑒 √𝑝1𝑧 ) + 𝐷2 𝑝12 𝑒 2√𝑝1 𝑧 − 𝑝42 𝑝3 𝑒 √𝑝1 𝑧 + 𝐷1 𝑝42 𝑝1 + 𝐷2 𝑝42 𝑝1 𝑒 2√𝑝1 𝑧
𝑝1 𝑝2 𝑒 √𝑝1 𝑧 sin(𝑝4 𝑧)
+
𝑝12 + 𝑝1 𝑝42

(5.78)

Now from the boundary conditions, we have
𝑢∞ = 0 𝑎𝑡 𝑧 = 0 𝑎𝑛𝑑 𝑧 = 𝐻

(5.79)

𝐷1 𝑝12 − 𝑝1 𝑝3 + 𝐷2 𝑝12 − 𝑝42 𝑝3 + 𝐷1 𝑝42 𝑝1 + 𝐷2 𝑝42 𝑝1 = 0

(5.80)

𝐷1 (𝑝12 + 𝑝42 𝑝1 ) + 𝐷2 (𝑝12 + 𝑝42 𝑝1 ) = 𝑐 2 𝑝3 + 𝑝1 𝑝3

(5.81)

𝐷1 𝑝1 + 𝐷2 𝑝1 = 𝑝3

(5.82)

𝑒 −√𝑝1𝐻 (𝐷1 𝑝12 − 𝑝1 𝑝3 𝑒 √𝑝1 𝐻 ) + 𝐷2 𝑝12 𝑒 2√𝑝1 𝐻 − 𝑝42 𝑝3 𝑒 √𝑝1𝐻 + 𝐷1 𝑝42 𝑝1 + 𝐷2 𝑝42 𝑝1 𝑒 2√𝑝1 𝐻
+

𝑝1 𝑝2 𝑒 √𝑝1 𝐻 sin(𝑝4 𝐻)
𝑝12 + 𝑝1 𝑝42

=0

(5.83)
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𝐶1 (𝑝12 𝑒 −√𝑝1 𝐻 + 𝑝42 𝑝1 ) + 𝐶2 (𝑝12 𝑒 2√𝑝1𝐻 + 𝑝42 𝑝1 𝑒 2√𝑝1 𝐻 )
= 𝑝1 𝑝3 + 𝑝42 𝑝3 𝑒 √𝑝1 𝐻
𝑝1 𝑝2 𝑒 √𝑝1 𝐻 sin(𝑝4 𝐻)
−
𝑝12 + 𝑝1 𝑝42

(5.84)

Solving Equations (5.82) and (5.84), we get
𝐷1
(𝑝1 𝑝3 + 𝑝42 𝑝3 𝑒 √𝑝1 𝐻 −
=

𝑝1 𝑝2 𝑒 √𝑝1 𝐻 sin(𝑝4 𝐻)
− 𝑝3 𝑝1 𝑒 2√𝑝1𝐻 − 𝑝42 𝑝3 𝑒 2√𝑝1 𝐻 )
𝑝12 + 𝑝1 𝑝42

𝑝12 𝑒 −√𝑝1 𝐻 + 𝑝42 𝑝1 − 𝑝12 𝑒 2√𝑝1 𝐻 − 𝑝42 𝑝1 𝑒 2√𝑝1𝐻

(5.85)

𝐷2
=

𝑝3
𝑝1
(𝑝1 𝑝3 + 𝑝42 𝑝3 𝑒 √𝑝1𝐻 −

−

𝑝1 𝑝2 𝑒 √𝑝1 𝐻 sin(𝑝4 𝐻)
− 𝑝3 𝑝1 𝑒 2√𝑝1 𝐻 − 𝑝42 𝑝3 𝑒 2√𝑝1 𝐻 )
𝑝12 + 𝑝1 𝑝42

𝑝12 𝑒 −√𝑝1 𝐻 + 𝑝42 𝑝1 − 𝑝12 𝑒 2√𝑝1𝐻 − 𝑝42 𝑝1 𝑒 2√𝑝1 𝐻

(5.86)

A closed form solution is too cumbersome for the scenario in which 𝑢∞ ≠ 0 and it is
best to employ the following sequence of steps each time step 𝑡𝑖 :
•

Determine the values of 𝑝1 , 𝑝2 , 𝑝3 𝑎𝑛𝑑 𝑝4 at the timestep 𝑡𝑖 (They vary
depending on the decay in discharge capacity), 𝑝2 can be expressed in terms of
a series of 𝛼 which can be truncated to the first few terms as an approximation.

•

Substitute 𝑝1 , 𝑝2 , 𝑝3 𝑎𝑛𝑑 𝑝4 to determine the coefficients 𝐷1 and 𝐷2 in terms of
𝛼. Since these coefficients are linear in terms of 𝑝2 the values of the unknown 𝛼
are restricted to the numerator.

•

Using 𝐷1 and 𝐷2 to determine 𝑢∞ from Equation (5.78)

•

𝑢∞ can then be substituted in Equation (5.64) to obtain a homogeneous equation
in terms of 𝛼 . Solve this equation for 𝛼.
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•

Once the value of 𝛼 is obtained, Equation (5.61) can be used to obtain 𝐴1 and
thus the pore water distribution at a given time 𝑡𝑖 can be completely defined
inside the unit cell. Since the integral in Equation (5.61) is not directly solvable
for expressions derived inside the smear zone, the integral is required to solve
numerically.

•

Keep repeating the above steps for each time step until an appreciable level of
consolidation is reached or further calculations do not give a significant decrease
in the average pore water pressure.

Many consolidation models that were proposed previously also consider the variability
of the discharge capacity with time which is applicable for natural drains. An
exponential variation of the discharge capacity is usually considered (Indraratna et. al.
(2016)).
𝑞𝑤 = 𝑞𝑤0 𝑒 −𝛽𝑡

(5.87)

where 𝑞𝑤0 is the discharge capacity at the start of the consolidation process and 𝛽 is the
decay parameter. Since the above model is solved at various timesteps the decay in
discharge capacity is easily incorporated by sampling the decay function at the
corresponding time step.
5.3 Determining the permittivity of the soil drain interface
For the analytical model described in the previous section, the permittivity of the soil
drain interface remains an unknown and should be obtained by experiments. The
influence of clogging can be more pronounced in the case of natural drains as compared
to synthetic drains. This is because the piping structures that might have formed in the
filter in the early stages of consolidation can break down leading to larger opening size
which in turn leading to further clogging at the drain interface (reduction in drain
permittivity) (McGown (1979), McGown (1976), Bell & Hicks (1980) and Rollin &
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Lombard (1988)). Therefore, a quantification of the extent of clogging is necessary. To
achieve this, the time-dependent mass loss observed in the thermos-gravimetric analysis
(TGA) was used assuming that the percentage change in mass at each time step is equal
to the percentage change in permittivity of the filter i.e.
∆𝜓𝑡𝑖
∆𝑚𝑡𝑖
=𝜏
𝜓
𝑚𝑡𝑖

(5.88)

where 𝜏 is the proportionality constant.
Using this hypothesis if the initial permittivity and mass of the drain filter are known
along with the decay in mass curve it can be used to predict the permittivity at the
subsequent time steps.
5.4 Illustrative Example
Based on the consolidation tests described in Chapter 3, it is necessary to assume a time
dependent variation of the permittivity at the soil drain interface / mass loss of the drain
with time to obtain more realistic consolidation responses affected by the degradation of
the natural drains. Since the effect of clogging increases with time and is at its
maximum near the end of the consolidation process, we consider two different types of
drain permittivity degradation i.e. an exponential and a linear variation. Equation (5.88)
is used to find the parameter 𝛽 in the equations (5.89) and (5.90) using results of mass
loss from thermogravimetric analysis.
𝜓 = 𝜓0 𝑒 −𝛽𝑡

(5.89)

𝜓 = 𝜓0 − 𝛽𝑡

(5.90)
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The parameters used are provided in Table 5.1.
Parameters

Parameter Values

𝑵

13.16

𝒔

1.51

𝒌𝒉

7.97 × 10−10 𝑚/𝑠

𝒌𝒗

5 × 10−11 𝑚/𝑠

𝒎𝒗

0.0066 𝑚2 /𝑘𝑁

Table 5.1: Parameter space used for numerical experiments
The consolidation curves for both cases (5.89) and (5.90) are given in Fig. 5.1 and Fig.
5.2 respectively.

𝑘

Fig. 5.1 Degree of Consolidation for different maximum values of 𝜓𝑟ℎ for exponential
𝑤

variation
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𝑘

Fig. 5.2 Degree of Consolidation for different maximum values of 𝜓𝑟ℎ for linear
𝑤

variation

They show the degree of consolidation achieved for different maximum values of the
dimensionless parameter

𝑘ℎ
𝜓𝑟𝑤

varied in both exponential and linear fashions. As

expected the curves flatten out much faster for an exponential variation as compared to
a linear one. Also, the differences among consolidation curves increase with an increase
in the maximum value of

𝑘ℎ
𝜓𝑟𝑤

and are significant for values larger than unity. Note that

in the exponential case, the degree of consolidation almost flattens out for

𝑘ℎ
𝜓𝑟𝑤

= 2.0

meaning that there is unlikely to be rapid consolidation owing to the horizontal channel
provided by the drain and vertical consolidation begin to dominate. At this value the
adverse potential due to clogging has become so large that it is much faster for the drain
to consolidate through natural vertical consolidation rather than an assisted one through
vertical drains. The vertical consolidation effects beyond this point can lead to a very
slow consolidation since the vertical permeability 𝑘𝑣 is an order of magnitude lesser
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than 𝑘ℎ .
5.5 Consolidation Model considering Elastic Viscoplastic Behavior of Soft Soils
Although the conventional solution given by Baron (1948) and Hansbo (1982) are
widely used in practice (owing to low mathematical complexity), in non-ideal
conditions the experimental/field data and analytical model might diverge significantly.
There are a number of assumptions in the conventional models which might not be
accurate especially the assumptions of a Darcian nature of flow and ignoring creep
effects. Elastic Viscoplastic (EVP) models allow us to relax these assumptions and
hence give us a more accurate model. The analysis here mostly follows the one
described in Baral (2017) with the exception of the new boundary condition that was
developed in the previous sections. Once the EVP equations are obtained, these can be
solved using an alternating implicit finite difference scheme known as the PeacemanRadford method to obtain the variation of settlement and pore water pressure with time.
The reader is encouraged to refer to Baral (2017) or Yin and Graham (1989) for a
detailed understanding of the EVP equations.
𝜕𝑉
𝜕𝑞𝑟
𝜕𝑞𝑧
= ∆𝑞 =
𝑑𝑟 +
𝑑𝑧
𝜕𝑡
𝜕𝑟
𝜕𝑧

(5.91)

𝑞𝑟 = 𝑣𝑟 (𝑟𝑑Ω𝑑𝑧)

(5.92)

𝑞𝑧 = 𝑣𝑧 (𝑟𝑑Ω𝑑𝑟)

(5.93)

where 𝑞𝑟 and 𝑞𝑧 are the flow rates in the radial and the vertical direction, 𝑣𝑟 and 𝑣𝑧 are
the velocities in the r and the z directions. Writing the change in volume of the element
with respect to the strains in all the directions (𝜀𝑟 , 𝜀Ω 𝑎𝑛𝑑 𝜀𝑧 ),
𝜕𝑉 = −(𝜀𝑟 + 𝜀Ω + 𝜀𝑧 )(𝑟𝑑Ω𝑑𝑟𝑑𝑧)
𝜕𝜀𝑣 𝜕𝑣𝑟 𝑣𝑟 𝜕𝑣𝑧
+
+ +
=0
𝜕𝑡
𝜕𝑟
𝑟
𝜕𝑧
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(5.94)
(5.95)

The non-Darcian relationship between the hydraulic gradient and the flow velocity can
be given in the form of a power law as (Hansbo, 1982):
𝑣 = 𝛼𝑐 𝑖 𝛽

(5.96)

where 𝛼𝑐 and 𝛽 are constants depending on the soil types and 𝑖 is used to denote the
hydraulic gradient. Equation (5.96) applicable for the radial and the vertical directions
can be written as:
1 𝜕𝑢 𝛽
|
𝛾𝑤 𝜕𝑟

(5.97)

1 𝜕𝑢 𝛽
= 𝛼𝑐 |
|
𝛾𝑤 𝜕𝑧

(5.98)

𝑣𝑟 = 𝛼𝑐 |𝑖𝑟 |𝛽 = 𝛼𝑐 |

𝑣𝑧 = 𝛼𝑐 |𝑖𝑧

|𝛽

Substituting the values of 𝑣𝑟 and 𝑣𝑧 in the continuity equation (5.95), we get
𝜕𝜀𝑣
𝜕 1 𝜕𝑢 𝛽 𝛼𝑐 1 𝜕𝑢 𝛽
𝜕 1 𝜕𝑢 𝛽
+ 𝛼𝑐
|
| + |
| + 𝛼𝑐
|
| =0
𝜕𝑡
𝜕𝑟 𝛾𝑤 𝜕𝑟
𝑟 𝛾𝑤 𝜕𝑟
𝜕𝑧 𝛾𝑤 𝜕𝑧

(5.99)

𝜕𝜀𝑣 𝛼𝑐 𝛽 𝜕𝑢 𝛽−1 𝜕 2 𝑢 1 𝜕𝑢
𝜕𝑢 𝛽−1 𝜕 2 𝑢
+ 𝛽 [| |
{ 2+
}+ | |
]=0
𝜕𝑡
𝜕𝑟
𝜕𝑟
𝑟 𝜕𝑟
𝜕𝑧
𝜕𝑧 2
𝛾

(5.100)

𝑤

Now, to take into account the effect of creep we use the stress-strain relation as
provided in Yin & Graham (1989)
𝜀𝑧 =

𝑒𝑝
𝜀𝑧0

𝜆
𝜎𝑧′
𝜓
𝑡𝑒
+ ln ( ′ ) + ln (1 + )
𝑉
𝜎𝑧0
𝑉
𝑡0

(5.101)

Given (5.101), the equivalent time for the creep model can be calculated as
𝜆

𝜎𝑧′ 𝜓
𝑒𝑝 𝑉
𝑡𝑒 = −𝑡0 + 𝑡0 exp ((𝜀𝑧 − 𝜀𝑧0
) )( ′ )
𝜓
𝜎𝑧0

(5.102)

The incremental strain rate expressed in terms of (5.102) is then given by
𝜕𝜀𝑧
𝜅 𝜕𝜎𝑧′ 𝜓
1
=
+ (
)
′
𝜕𝑡
𝑉𝜎𝑧 𝜕𝑡
𝑉 𝑡0 + 𝑡𝑒

(5.103)
𝜆

𝜕𝜀𝑧
𝜅
𝜕(𝜎𝑧 − 𝑢)
𝜓
𝜎𝑧 − 𝑢 𝜓
𝑒𝑝 𝑉
=
+
exp (−(𝜀𝑧 − 𝜀𝑧0 ) ) ( ′ )
𝜕𝑡
𝑉(𝜎𝑧 − 𝑢)
𝜕𝑡
𝑡0 𝑉
𝜓
𝜎𝑧0
98

(5.104)

𝑒𝑝
If we assume that the total vertical stress is constant and the strain 𝜀𝑧0
is assumed to be

zero, we get the strain rate as
𝜕𝜀𝑧
𝜕𝑢
= −𝑚𝑣
+ 𝑔(𝑢, 𝜀𝑧 )
𝜕𝑡
𝜕𝑡
𝑚𝑣 =

(5.105)

𝜅
𝑉(𝜎 − 𝑢)

(5.106)
𝜆

𝜓
𝜀𝑧 𝑉 𝜎𝑧 − 𝑢 𝜓
𝑔(𝑢, 𝜀𝑧 ) =
exp (−
)( ′ )
𝑡0 𝑉
𝜓
𝜎𝑧0

(5.107)

Using the above expressions in Equation (5.95) we get our final consolidation coupled
with EVP model.
𝜕𝜀 𝛼𝑐 𝛽 𝜕𝑢 𝛽−1 𝜕 2 𝑢 1 𝜕𝑢
𝜕𝑢 𝛽−1 𝜕 2 𝑢
+ 𝛽 [| |
{ 2+
}+ | |
]=0
𝜕𝑡
𝜕𝑟
𝜕𝑟
𝑟 𝜕𝑟
𝜕𝑧
𝜕𝑧 2
𝛾

(5.108)

𝑤

𝜕𝑢
𝛼𝑐 𝛽 𝜕𝑢 𝛽−1 𝜕 2 𝑢 1 𝜕𝑢
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𝑤

As mentioned earlier, Equation (5.109) is the solved using an ADI scheme called
Peaceman-Radford method with the boundary conditions (5.1) to (5.4).
5.6 Summary
An analytical approach to assess the effect of clogging in vertical drains was proposed
in this chapter. The approach is based on quantifying the adverse hydraulic potential
formed at the soil interface through varying its permittivity during the consolidation
process. The permittivity of the filter is assumed to be proportional to the mass loss
observed in the drain as the consolidation progresses. The solution converges to the
normal consolidation case in the limits of high values of the permittivity of the soil
drain interface. Resultant consolidation curves on a parameter set have also been
provided for different time variations of the critical parameter (𝑘ℎ /𝜓𝑟𝑤 ) .It is shown
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that the decay in consolidation efficiency is appreciable beyond

𝑘ℎ
𝜓𝑟𝑤

> 1.0. An EVP

model has also been given which uses the same boundary conditions as used in the
solution of the Barron’s equation. The following chapter compares the numerical
models developed here with experimental data in Chapter 3 and some case histories
provided in the literature.
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Chapter 6
APPLICATION OF ANALYTICAL MODELLING TO
EXPERIMENTAL AND FIELD DATA
6.1 Introduction
The validation of any analytical model is necessary before it can be applied for design
purposes. In the previous chapter, the assumptions used in deriving our numerical model
and the mathematical details were described. In this chapter, the analytical model is
applied to a field study to assess the accuracy of the model. The validation exercise was
carried out both with the classical axisymmetric model as well as the elasto-viscoplastic
model. One of the case histories includes the Ballina embankment which was
constructed by Australian Research Council’s Centre for Geotechnical Science and
Engineering (CGSE) of which University of Wollongong is one of the node leaders. The
site was at Ballina (located in NSW, Australia) with the aim of studying the
consolidation behavior of estuarine soft clays on which most of the transport
infrastructure in Australia has been or is being built. Such clays pose a number of
challenges to a geotechnical characterization and design and this study has provided a
comprehensive set of data to examine a number of characteristics of this soil.
6.2 Ballina Embankment Study
6.2.1 Soil Characterisation
A detailed characterization study of Ballina Clay was carried out by Pineda et. al.
(2016) by undertaking detailed laboratory testing of the soil from two continuous
boreholes (Inclo 2 and Mex 9) which were drilled up to a depth of approximately 13 m.
Some of the important soil characteristics with depth are shown in Fig. 6.1.
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Fig. 6.1 : Variation of index properties with depth (a) Natural Water Content, Liquid
limit (LL) and Plastic Limit (PL) (b) Dry density of the soil (c) Particle size distribution
of the soil (after Pineda et. al. (2016))

From the particle size distribution observed in Fig. 6.1(c) it is clear that the shallow
layers (<2m) are predominantly made up of sand (although the sand content is different
in the two boreholes). The middle layers are primarily composed of clay and silt with
values reaching up to 82% at certain depths and beyond 11m the primary soil
composition changes to sand.
From the LL(Liquid Limit) and PL(Plastic Limit) values observed in Fig. 6.1(a) it is
shown that the LL is very close to the natural water content (𝑤𝑛𝑎𝑡 ) with maximum
difference observed being only about 15%. The LL is in the range of 30-135% and the
PL approximately ranges between 20-50%. The abrupt changes in dry density observed
in Fig. 6.1(b) is consistent with the change in soil composition observed in Fig. 6.1(c)
beyond a depth of 11m.
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6.2.2 Embankment Characteristics
A 3m high embankment with a crest having dimensions of 80 m long × 15 m wide was
constructed with a side slope 1.5H: 1V as shown in Fig. 6.2. Working platform of 95 m
long × 25 m wide ×1 m high was placed on the existing ground surface to provide top
drainage and

Fig. 6.2 Layout of the embankment at Ballina
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facilitate the drain installation. The embankment consisted of three different sections:
two sections, each having 30 m long consists of conventional PVDs (i.e. wick drain)
and biodegradable drains (i.e. Jute drain); the third section having 20 m length consisted
of conventional PVD and with a geotextile layer instead of sand drainage layer. A suite
of instruments including inclinometers, magnetic extensometers, settlement plates,
vibrating wire piezometers and hydraulic profile gauges were installed to monitor the
embankment behavior. The staged construction of embankment was completed in 60
days. The compacted bulk density of the sand drainage layer (0.6 - 1m thick) was 15.9
kN/m3 whereas the compacted density of the above fill was 20.6 kN/m3, resulting in a
total surcharge load of 59.8kN/ m3. Vertical drains were installed to 14-15m deep using
a rectangular mandrel having cross-section of 120 mm x 60 mm via a static approach
from an 80t drain stitcher. Rectangular plates (190 mm × 90 mm) were attached the tip
of madrigal as drain anchors while installing the drains in a square pattern at 1.2m
spacing.
6.3 Prediction exercise
6.3.1 Comparison of data obtained from the field vs the clogging model
Prior to looking at the predictions from the clogging model, the results obtained from
the Ballina case study are discussed both for jute drains and synthetic drains. Fig. 6.3
shows the difference in settlement obtained from the field data between jute drains and
synthetic drains for different parts of the embankment. Clearly, consolidation responses
of jute drains are similar to those of synthetic drains. Fig. 6.4 shows the corresponding
difference between the excess pore water pressure in the soil surrounding jute and
synthetic drains. Again, the pore water pressure difference between the two drains is
insignificant (~2 kPa) and the performance is identical for the first 800 days.

104

Fig. 6.3 Differences in settlement (in m) between Jute and Synthetic drains obtained
from the Ballina Case Study

Fig. 6.4 Differences in Excess Pore water pressure (in kPa) obtained between Jute and
Synthetic drains from the Ballina Case Study
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Fig. 6.5 Prediction of excess pore water pressure (in kPa) by the proposed clogging
model vs values obtained from the Ballina case study

Fig. 6.6 Prediction of settlement (in m) by the proposed clogging model vs values
obtained from the Ballina case study
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Figures 6.5 and 6.6 show the predictions of the proposed model both for the excess pore
water pressure and the settlement as compared to the actual values obtained in the
Ballina Case Study. The properties of the Ballina soil can be found in Table 6.1. While
the model can capture the pore water pressure responses well, the model tends to under
predict the settlement in the earlier part of consolidation and over-predict in the later
part beyond 400 days. This can be attributed to the non-linearities in the soil behavior
with time, however including these non-linearities in the proposed model would have
made the model mathematically untenable.
6.3.2 Comparison of data obtained from the field vs prediction of an Abaqus
Numerical Model
The data obtained from the Ballina test site was compared to predictions from a
numerical model simulated in the finite element code ABAQUS using a modified camclay model. The methodology was similar to the one adopted in Rujikiatkamjorn et al.
(2008). The predictions for settlement and pore water pressure were obtained and were
found to be in reasonable agreement with the measurements in the field. These
predictions were obtained both in a single drain and a multi-drain case. A multi-drain
prediction is required since the single drain case cannot be applied to an embankment in
the field where a lot of drains were installed. The single-drain case can only be
applicable near the centerline where the lateral displacement is negligible. The single
drain analysis become inaccurate near the edges of the embankment due to factors such
as non-uniform load distribution, large lateral yield and large strain conditions
(Indraratna et. al. 1997).
The 2D finite element mesh consists of CAX8RP elements (in the single drain case)
with 8 nodes in each element for the displacement and pore water pressure. Only one
half of the drain was modelled in the single drain case so as to take advantage of
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symmetry. The boundaries were assumed to impermeable and the left and the right
boundaries were assumed to have zero displacement. The soil properties used for the
simulation have been provided in Table 6.1.
Thickness (m)

𝜅/𝜈

𝜆/𝜈

𝜓/𝜈

𝑒0

𝑚
𝛼𝑐 ( )
𝑠

𝑝𝑐

2.7

0.034

0.148

0.003

3.1

5.28 × 10−10

46.3

3.0

0.062

0.156

0.004

2.8

4.95 × 10−10

27.2

−10

44.1

3.0

0.098

0.192

0.004

2.8

4.86 × 10

3.0

0.107

0.138

0.004

2.8

5.45 × 10−10

50.8

3.3

0.047

0.180

0.003

2.7

6.16 × 10−10

65.6

Table 6.1 Soil Properties used in the FEM Model (Baral (2017))

Based on the properties of the 2D mesh defined above, a schematic of the mesh and the
type of element used in the ABAQUS model is shown in Fig. 6.7. The settlement curves
obtained by the simulation (with and without clogging) are compared to the field data,
note that the clogging has been applied in exactly the same way as in the proposed
numerical model in Chapter 5. It is clear from the comparison that the proposed model
in this thesis performs much better at higher depths as compared to near the surface. The
model without the clogging parameters performs better at shallow depths.
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Fig. 6.7 Schematic of the element used in ABAQUS for the numerical study (a) A
single element (b) An isometric view (after Cholachat et. al. 2012)

Fig. 6.8 Comparison of settlement curves (Settlement in m vs time in days) between the
field data and Abaqus simulations (with and without clogging)
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6.3.3 Comparison of data obtained from the field vs predictions from the EVP
model
In the previous chapter, a discussion on the elasto-viscoplastic model was provided
along with the supporting equations. To simulate a jute drain under an elastoviscoplastic setting (including the effects of creep and non-Darcian nature of the flow) ,
a program to solve the EVP equations was developed in Python (provided in Appendix
2 for the reader’s consideration). Apart from the EVP equations, the program also
applies the clogging boundary condition (Equation 5.88). The results obtained were
compared with those obtained from the Ballina test site and these have been discussed
in detail in this section.
The strain rate parameters and other soil properties pertinent to solving the problem of
drain settlement using the EVP model have been provided in Table 6.1 (Baral (2017))
and have also been shown graphically in Fig. 6.1.
The comparison of field data to the EVP model both in terms of settlement and excess
pore water pressure is provided in Fig. 6.9 and Fig. 6.10 respectively. The curves show
that the model agrees really well with the settlement data however it overpredicts the
excess pore water pressure during the process of consolidation especially in the later
stages of consolidation.
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Fig. 6.8 Comparison of settlement predicted by the EVP model vs field data

Fig. 6.9 Comparison of excess pore water pressure predicted by the EVP model as
compared with field data
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6.4 Conclusion
In this chapter, the proposed model was validated using field data obtained at Ballina
Site. A reasonable agreement was found between the settlement and pore pressure
profiles generated by the model and those observed in the field. The model was built
upon a number of earlier models proposed in the literature and it was found that the
current models can improve the prediction of settlement and excess pore water pressure
prediction as compared to existing models. The boundary condition for clogging was
incorporated into the traditional theory of soil consolidation under the influence of a
vertical drain and it provided reasonably accurate results at least in the case of jute
drains.
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Chapter 7
CONCLUSION AND RECOMMENDATIONS
7.1 General Summary
The primary objective of this study was to investigate the behaviour of jute drains in
comparison with synthetic drains. A detailed discussion on natural drains and their
comparison with synthetic drains was provided in Chapter 1. Chapter 2 provides a
comprehensive literature review of the vertical drain including jute drains and their
characteristics. Following Chapter 2, the details of the experimentation program were
provided in Chapter 3 to characterise the consolidation behaviour of both natural and
synthetics drains considering the process of clogging/degradation. Chapter 4 provides a
new method of estimating the extent of the smear zone based on excess pore water
measurement which can be a great tool for practicing engineers. Chapter 5 introduces an
analytical model to incorporate the effect of clogging at the vertical drains and soil
interface considering a time dependent permittivity proportional to the mass loss of the
drain. Chapter 6 presents the validity of the analytical model against the Ballina field
trial data. Outcomes and the contribution from this work have been discussed in the
following sections.
7.2 Comprehensive testing program on Jute drains
A comprehensive experimentation programme was carried out over a timespan of two
years to study the degradation in jute drains on the rate of consolidation. The following
are the important observations from these experiments:
1. The selection of the drain materials had a profound effect on its consolidation
rate. Among the drains tested in this study, it was clearly observed that the PVJD
with a coconut based corrugated core performed much better than a PVJD with
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jute based core. Since the degradability of coconut is typically lower than that of
Jute, it forms a stronger core and the drain is lesser prone to degradation and
crimping. The performance of these drains is at par with that of the synthetic
drain used in large consolidometer in the laboratory.
2. The degradation and clogging of jute drains affects their consolidation
performance significantly especially once the jute was installed in the soil for
more than 12 months. The degradation was slow in the initial phases but
extremely rapid after a time span of 18 months. However this would not be
severe implication where consolidation can be typically achieved earlier than
this timeframe.
3. The mechanism of degradation of jute drains was studied using various postdegradation tests such as visual inspection, FTIR, SEM and TGA. These tests
confirm the significant degradation occurs after 12-18 months. Also, the primary
mechanism of degradation in jute drains is stretching and breakage of C-O bonds
presented in Jute.
7.3 Estimating the smear zone around the drains using pore pressure data
A new in-situ method for estimation of smear zone using measurement of excess pore
water was proposed. The salient features of this method can be stated as follows:
1. The extent of the smear zone for remoulded Ballina clay was determined
graphically using the excess pore pressure (u) data, and then identifying the
radial distance (r) at which the two curves for (𝑑𝑢/𝑑𝑟) (i.e. with smear and
without smear) intersect.
2. The results obtained by this technique were compared with other traditional
methods based on the water content and the lateral permeability coefficient (𝑘ℎ ).
Also, the predicted consolidation curve incorporating the smear effect was
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compared with the observed time-settlement data. When the size of the smear
zone and the variation of kh within the smear zone were incorporated, the timesettlement predictions were in excellent agreement with the measured
consolidation data
3. The past methods of evaluating the permeability ratio (𝑘ℎ /𝑘𝑣 ) and water content
variation for quantifying smear requires a considerable amount of field sampling
and laboratory efforts, whereas the proposed technique of examining the radial
derivative of hydraulic gradient to establish the zone of smear can be executed
swiftly, if an adequate number of piezometers can be provided in the field.
7.4 Consolidation Model for vertical drains with clogging
Based on the laboratory assessment of jute drains, it is evident that a mechanism of
clogging has to be incorporated into the existing analytical models in order to
effectively predict their consolidation performance. A new approach of estimation of
clogging in vertical drains was proposed based on quantifying the hydraulic potential
formed at the drain-soil interface. The salient features of the model can be stated as
follows:
1. The analysis was performed for the following cases:
a. Free Strain solution in the absence of smear and well resistance
b. Free Strain solution in the presence of both smear and well resistance
c. Linear variation of permeability in the smear zone
d. Parabolic variation of permeability in the smear zone
e. Elasto-viscoplastic model incorporating the clogging
2. The estimation of loss of permittivity in the filter was achieved by observing the
time-dependent mass loss using the thermos-gravimetric analysis (TGA)
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assuming that the percentage change in mass at each time step is equal to the
percentage change in permittivity of the filter i.e.
∆𝜓𝑡𝑖
∆𝑚𝑡𝑖
=𝜏
𝜓
𝑚𝑡𝑖

(7.1)

3. The consolidation model was validated with the case history from Ballina and
our experimental data.
7.5 Future work
Some plausible avenues of future work that could extend the work in this thesis are
stated as follows:
1. The method of determination of smear zone was validated only with respect
to historical data and laboratory consolidometer tests. It would be interesting
to confirm the applicability of this method in the field. If the method works
well in the field, it would be convenient method to determine the extent of
smear zone.
2. The analytical model can also be derived in equal strain scenarios along with
aspects of non-Darcian flow. The improved model might provide a better
estimate to the field data.
3. The mass loss obtained in TGA provides an estimate to measure the
degradation in the jute drain. There might be better methods to estimate this
degradation and alternate ways of achieving this should be explored.
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Appendix 1
1.

Overview of Bessel Functions and their properties

The Bessel functions (named after Friedrich Wilhelm Bessel (1784-1846)) can be
defined as the solutions to the second order ordinary differential equation given as
follows :
𝑥 2 𝑦 ′′ + 𝑥𝑦 ′ + (𝑥 2 − 𝑛2 )𝑦 = 0
The solutions to the above equation can be given in the form of a linear combination of
the two types of Bessel functions i.e. Bessel functions of the first kind 𝐽𝑛 (𝑥) and Bessel
functions of the second kind 𝑌𝑛 (𝑥)
𝑦 = 𝐴𝐽𝑛 (𝑥) + 𝐵𝑌𝑛 (𝑥)
where 𝐴 and 𝐵 are arbitrary constants.
There is also a third category of Bessel functions, commonly referred to as Hankel
functions which are a complex combination of the Bessel functions of the first and the
second kind. They can be written as follows :
𝐻𝑛1 (𝑥) = 𝐽𝑛 (𝑥) + 𝑖𝑌𝑛 (𝑥)
𝐻𝑛2 (𝑥) = 𝐽𝑛 (𝑥) − 𝑖𝑌𝑛 (𝑥)
Owing to the linear independence of the Bessel functions of the first and second kind,
the Hankel functions provide an alternative set of solutions to the Bessel equation. The
Bessel function of the first kind can be expressed as the expansion of an infinite power
series as follows:
∞

𝐽𝑛 (𝑥) = ∑
𝑘=0

𝑥 𝑛+2𝑘
((−1)𝑘 (2)
)
𝑘! Γ(𝑛 + 𝑘 + 1)
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Graphical representations of the Bessel functions of the first kind of an integer order are
shown below:

Fig. A1 – 1 : Plot of the Bessel functions of the first kind (adapted from
http://www.mhtlab.uwaterloo.ca/courses/me755/web_chap4.pdf )
The Bessel function of the second kind can be expressed in the form of 𝐽𝑛 (𝑥) as follows
𝑌𝑛 (𝑥) =

(𝐽𝑛 (𝑥) cos(𝑛𝜋) − 𝐽−𝑛 (𝑥))
sin(𝑛𝜋)

where the limit is taken if 𝑛 is an integer.
Also, it is important to mention that for an integer order 𝑛, 𝐽𝑛 (𝑥) and 𝐽−𝑛 (𝑥) are not
independent of each other, i.e.
𝐽−𝑛 (𝑥) = (−1)𝑛 𝐽𝑛 (𝑥)
This also holds true for the Bessel function of the second kind,
𝑌−𝑛 (𝑥) = (−1)𝑛 𝑌𝑛 (𝑥)
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Appendix 2
2.

Python Implementation of EVP – Non-Darcian and Darcian Models
along with Creep

##### Solution of the EVP code - Non-Darcian and Creep Model #####
import numpy as np
import matplotlib.pyplot as plt
# Read input data
import openpyxl as xlsread
wb =
xlsread.load_workbook("C:\\Users\\om\\Documents\\MATLAB\\evp_code\\input_data.
xlsx")
sheet = wb.get_sheet_by_name("input")
sigmaz = sheet['A3'].value
sigmaz0 = sheet['B3'].value
u0 = sheet['C3'].value
t = sheet['A6'].value*24.0*3600.0
rw = float(sheet['B6'].value)
re = float(sheet['C6'].value)
h = float(sheet['D6'].value)
N = sheet['A9'].value
I = sheet['B9'].value
J = sheet['C9'].value

# Time in days converted to seconds
# Radius of drain
# Radius of the unit cell
# Height of the unit cell
# Number of time steps in given t
# Mesh points in r
# Mesh points in z

alphac= sheet['A14'].value
beta= sheet['B14'].value
gammaw= sheet['C14'].value
kbyv= sheet['A17'].value
lambyv= sheet['B17'].value
saibyv= sheet['C17'].value
to= sheet['D17'].value
sgmz= sheet['E17'].value
epslaz0= sheet['F17'].value
gij0= sheet['G18'].value
mv=sheet['A20'].value
# Create step sizes for the mesh to be created for FDM
dt = t/N
dr = (re-rw)/I
dz = h/J
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# Create mesh
r = np.arange(rw,re+2*dr,dr)
z = np.arange(0,h+2*dz,dz)
T = np.arange(0,t+dt,dt)
# Create placeholder matrices
u = np.zeros([I+2, J+2, N+1])
u[1:I+2, 1:J+2, 0] = u0
uhf = np.zeros([I+2, J+2, N])

# Placeholder for the u matrix
# Assign initial value except for
# u at the half layer nodes

epslazupdated = np.zeros([I+2,J+2,N])
gijupdated = np.zeros([I+2,J+2,N])
epslazfinal = np.zeros([I+2,J+2,N])
gijfinal = np.zeros([I+2,J+2,N])
#Setting temporary matrices C, F, G and H
Ctmp= np.zeros([I,I])
Ftmp= np.zeros([I,1])
Gtmp= np.zeros([J,J])
Htmp= np.zeros([J,1])
count = 1
def catch_mtd(A,d):
n = A.shape[0]
x = np.zeros([n,1])
# LU decomposition
b=np.diag(A)
a=np.diag(A,k=-1)
c=np.diag(A,k=1)
l=np.zeros([n,1])
u=np.zeros([n-1,1])
l[0]=b[0]
for i in range(0,n-1):
u[i]=c[i]/l[i]
l[i+1]=b[i+1]-a[i]*u[i]
#-----chase-----------y = np.zeros([n,1])
y[0]=d[0]/l[0]
for i in range(1,n):
y[i]=(d[i]-a[i-1]*y[i-1])/l[i]
#-----catch--------------x[n-1]=y[n-1]
for i in range(n-2,0,-1):
x[i] = y[i]-u[i]*x[i+1]
return x.T
# Start Calculations
for kn in np.arange(1,N):

# Time stepping for the predictor term
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khf = kn-1

# Time stepping for the corrector term

# Print iteration number
if kn%100==0:
print ('Iterations are at : '+str(kn))
# Set diagonal element for predictor term
for kj in range(1,J+1):
for ki in range(1,I+1):
Ctmp[ki-1,ki-1] = 1
for ki in range(1,I+1):
gij0=gijfinal[ki,kj,kn]
epslaz0=epslazfinal[ki,kj,kn]
omegaijt= (np.abs((u[ki+1,kj,kn]-u[ki,kj,kn])/(dr)))**(beta-1)
saijt= (np.abs((u[ki,kj+1,kn]-u[ki,kj,kn])/(dz)))**(beta-1)
deltaTrp= (dt*omegaijt*alphac*beta)/(2*(gammaw**beta)*mv*dr*dr)
deltaTvp= (dt*saijt*alphac*beta)/(2*(gammaw**beta)*mv*dz*dz)
if kn == 1:
epslazp = (epslaz0-mv*0+(dt*gij0))
else:
epslazp = (epslaz0-mv*(u[ki,kj,kn-1]-uhf[ki,kj,khf-1])+(dt*gij0))
gijp = (saibyv/to)*np.exp(-epslazp/saibyv)*(((sigmaz-u[ki,kj,kn1])/sigmaz0)**(lambyv/saibyv))
if(ki<I):
Ctmp[ki-1,ki] = ((deltaTrp*(1+(dr/re)))/((1+(2*deltaTrp)+(deltaTrp*(dr/re))))) # Diagonal+1 elements
Ctmp[ki, ki-1] = -((deltaTrp)/((1+(2*deltaTrp)+(deltaTrp*(dr/re))))) #
Diagonal-1 elements
Ftmp[ki-1,0]=((dt*gijp)/((1+(2*deltaTrp)+(deltaTrp*(dr/re)))*mv))+(((1(2*deltaTvp))*u[ki,kj,kn1])/((1+(2*deltaTrp)+(deltaTrp*(dr/re)))))+((deltaTvp*(u[ki,kj+1,kn-1]+u[ki,kj-1,kn1]))/(1+(2*deltaTrp)+(deltaTrp*(dr/re))))
epslazupdated[ki,kj,kn-1]=epslazp
gijupdated[ki,kj,kn-1]=gijp
Ctmp[I-1,I-2] = Ctmp[I-1,I-2](((deltaTrp*(1+(dr/re)))/((1+(2*deltaTrp)+(deltaTrp*(dr/re))))))
Ftmp[0,0] = Ftmp[0,0]+(((deltaTrp)/((1+(2*deltaTrp)+(deltaTrp*(dr/re)))))*
uhf[0,kj,khf])
uhf[1:I+1,kj,khf]=catch_mtd(Ctmp,Ftmp)
uhf[I+1,1:J+1,khf]=uhf[I-1,1:J+1,khf]
uhf[1:I+1,J+1,khf]=uhf[1:I+1,J-1,khf]
for ki in range(1,I+1):
for kj in range(1,J+1):
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Gtmp[kj-1,kj-1] = 1
for kj in range(1,J+1):
itaijt= (np.abs((uhf[ki+1,kj,khf] - uhf[ki,kj,khf])/(dr)))**(beta-1)
thetaijt= (abs((uhf[ki,kj+1,khf] - uhf[ki,kj,khf])/(dz)))**(beta-1)
deltaTrc = (dt*itaijt*alphac*beta)/(2*(gammaw**beta)*mv*dr*dr)
deltaTvc = (dt*thetaijt*alphac*beta)/(2*(gammaw**beta)*mv*dz*dz)
epslazc = (epslazupdated[ki,kj,kn-1]-mv*(uhf[ki,kj,khf]-u[ki,kj,kn1])+(dt*gijupdated[ki,kj,kn-1]))
gijc = (saibyv/to)*np.exp(-epslazc/saibyv)*(((sigmazuhf[ki,kj,khf])/sigmaz0)**(lambyv/saibyv))
if (kj<J):
Gtmp[kj-1,kj] = -(deltaTvc/((1+(2*deltaTvc))))
Gtmp[kj, kj-1] = -(deltaTvc/((1+(2*deltaTvc))))
Htmp[kj-1,0] = ((dt*gijc)/((1+(2*deltaTvc))*mv))+(((1-(2*deltaTrc)((deltaTrc*dr)/re))*uhf[ki,kj,khf])/((1+(2*deltaTvc))))+((deltaTrc*(1+(dr/re))*((uhf[ki+
1,kj,khf])))/((1+(2*deltaTvc))))+((uhf[ki-1,kj,khf]*deltaTrc)/(1-(2*deltaTvc)))
epslazfinal[ki,kj,kn]=epslazc
gijfinal[ki,kj,kn]=gijc
Gtmp[J-1,J-2] = Gtmp[J-1,J-2]-((deltaTvc/((1+(2*deltaTvc)))))
Htmp[0,0] = Htmp[0,0]+((deltaTvc/((1+(2*deltaTvc))))* u[ki,0,kn])
u[ki,1:J+1,kn] = catch_mtd(Gtmp,Htmp)
u[I+1,1:J+1,kn] = u[I-1,1:J+1,kn]
u[1:I+1,J+1,kn] = u[1:I+1,J-1,kn]
R,Z = np.meshgrid(r,z)
plt.contourf(R,Z,u[:,:,N])

##### Solution of the EVP code - Darcian and Non-Creep Model #####
import numpy as np
import matplotlib.pyplot as plt
# Read input data
import openpyxl as xlsread
wb =
xlsread.load_workbook("C:\\Users\\om\\Documents\\MATLAB\\evp_code\\input_data.
xlsx")
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sheet = wb.get_sheet_by_name("input")
sigmaz = sheet['A3'].value
sigmaz0 = sheet['B3'].value
u0 = sheet['C3'].value
t = sheet['A6'].value*24.0*3600.0
rw = float(sheet['B6'].value)
re = float(sheet['C6'].value)
h = float(sheet['D6'].value)

# Time in days converted to seconds
# Radius of drain
# Radius of the unit cell
# Height of the unit cell

N = sheet['A9'].value
I = sheet['B9'].value
J = sheet['C9'].value

# Number of time steps in given t
# Mesh points in r
# Mesh points in z

alphac= sheet['A14'].value
beta= sheet['B14'].value
gammaw= sheet['C14'].value
kbyv= sheet['A17'].value
lambyv= sheet['B17'].value
saibyv= sheet['C17'].value
to= sheet['D17'].value
sgmz= sheet['E17'].value
epslaz0= sheet['F17'].value
gij0= sheet['G18'].value
mv=sheet['A20'].value
# Create step sizes for the mesh to be created for FDM
dt = t/N
dr = (re-rw)/I
dz = h/J
# Create mesh
r = np.arange(rw,re+2*dr,dr)
z = np.arange(0,h+2*dz,dz)
T = np.arange(0,t+dt,dt)
# Create placeholder matrices
u = np.zeros([I+2, J+2, N+1])
u[1:I+2, 1:J+2, 0] = u0
uhf = np.zeros([I+2, J+2, N])

# Placeholder for the u matrix
# Assign initial value except for
# u at the half layer nodes

epslazupdated = np.zeros([I+2,J+2,N])
gijupdated = np.zeros([I+2,J+2,N])
epslazfinal = np.zeros([I+2,J+2,N])
gijfinal = np.zeros([I+2,J+2,N])
#Setting temporary matrices C, F, G and H
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Ctmp= np.zeros([I,I])
Ftmp= np.zeros([I,1])
Gtmp= np.zeros([J,J])
Htmp= np.zeros([J,1])
count = 1
def catch_mtd(A,d):
n = A.shape[0]
x = np.zeros([n,1])
# LU decomposition
b=np.diag(A)
a=np.diag(A,k=-1)
c=np.diag(A,k=1)
l=np.zeros([n,1])
u=np.zeros([n-1,1])
l[0]=b[0]
for i in range(0,n-1):
u[i]=c[i]/l[i]
l[i+1]=b[i+1]-a[i]*u[i]
#-----chase-----------y = np.zeros([n,1])
y[0]=d[0]/l[0]
for i in range(1,n):
y[i]=(d[i]-a[i-1]*y[i-1])/l[i]
#-----catch--------------x[n-1]=y[n-1]
for i in range(n-2,0,-1):
x[i] = y[i]-u[i]*x[i+1]
return x.T
# Start Calculations
for kn in np.arange(1,N):
khf = kn-1

# Time stepping for the predictor term
# Time stepping for the corrector term

# Print iteration number
if kn%100==0:
print ('Iterations are at : '+str(kn))
# Set diagonal element for predictor term
for kj in range(1,J+1):
for ki in range(1,I+1):
Ctmp[ki-1,ki-1] = 1
for ki in range(1,I+1):
gij0=gijfinal[ki,kj,kn]
epslaz0=epslazfinal[ki,kj,kn]
omegaijt= (np.abs((u[ki+1,kj,kn]-u[ki,kj,kn])/(dr)))**(beta-1)
saijt= (np.abs((u[ki,kj+1,kn]-u[ki,kj,kn])/(dz)))**(beta-1)
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deltaTrp= (dt*omegaijt*alphac*beta)/(2*(gammaw**beta)*mv*dr*dr)
deltaTvp= (dt*saijt*alphac*beta)/(2*(gammaw**beta)*mv*dz*dz)
if kn == 1:
epslazp = (epslaz0-mv*0+(dt*gij0))
else:
epslazp = (epslaz0-mv*(u[ki,kj,kn-1]-uhf[ki,kj,khf-1])+(dt*gij0))
gijp = (saibyv/to)*np.exp(-epslazp/saibyv)*(((sigmaz-u[ki,kj,kn1])/sigmaz0)**(lambyv/saibyv))
if(ki<I):
Ctmp[ki-1,ki] = ((deltaTrp*(1+(dr/re)))/((1+(2*deltaTrp)+(deltaTrp*(dr/re))))) # Diagonal+1 elements
Ctmp[ki, ki-1] = -((deltaTrp)/((1+(2*deltaTrp)+(deltaTrp*(dr/re))))) #
Diagonal-1 elements
Ftmp[ki-1,0]=((dt*gijp)/((1+(2*deltaTrp)+(deltaTrp*(dr/re)))*mv))+(((1(2*deltaTvp))*u[ki,kj,kn1])/((1+(2*deltaTrp)+(deltaTrp*(dr/re)))))+((deltaTvp*(u[ki,kj+1,kn-1]+u[ki,kj-1,kn1]))/(1+(2*deltaTrp)+(deltaTrp*(dr/re))))
epslazupdated[ki,kj,kn-1]=epslazp
gijupdated[ki,kj,kn-1]=gijp
Ctmp[I-1,I-2] = Ctmp[I-1,I-2](((deltaTrp*(1+(dr/re)))/((1+(2*deltaTrp)+(deltaTrp*(dr/re))))))
Ftmp[0,0] = Ftmp[0,0]+(((deltaTrp)/((1+(2*deltaTrp)+(deltaTrp*(dr/re)))))*
uhf[0,kj,khf])
uhf[1:I+1,kj,khf]=catch_mtd(Ctmp,Ftmp)
uhf[I+1,1:J+1,khf]=uhf[I-1,1:J+1,khf]
uhf[1:I+1,J+1,khf]=uhf[1:I+1,J-1,khf]
for ki in range(1,I+1):
for kj in range(1,J+1):
Gtmp[kj-1,kj-1] = 1
for kj in range(1,J+1):
itaijt= (np.abs((uhf[ki+1,kj,khf] - uhf[ki,kj,khf])/(dr)))**(beta-1)
thetaijt= (abs((uhf[ki,kj+1,khf] - uhf[ki,kj,khf])/(dz)))**(beta-1)
deltaTrc = (dt*itaijt*alphac*beta)/(2*(gammaw**beta)*mv*dr*dr)
deltaTvc = (dt*thetaijt*alphac*beta)/(2*(gammaw**beta)*mv*dz*dz)
epslazc = (epslazupdated[ki,kj,kn-1]-mv*(uhf[ki,kj,khf]-u[ki,kj,kn1])+(dt*gijupdated[ki,kj,kn-1]))
gijc = (saibyv/to)*np.exp(-epslazc/saibyv)*(((sigmazuhf[ki,kj,khf])/sigmaz0)**(lambyv/saibyv))
if (kj<J):
Gtmp[kj-1,kj] = -(deltaTvc/((1+(2*deltaTvc))))
Gtmp[kj, kj-1] = -(deltaTvc/((1+(2*deltaTvc))))
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Htmp[kj-1,0] = ((dt*gijc)/((1+(2*deltaTvc))*mv))+(((1-(2*deltaTrc)((deltaTrc*dr)/re))*uhf[ki,kj,khf])/((1+(2*deltaTvc))))+((deltaTrc*(1+(dr/re))*((uhf[ki+
1,kj,khf])))/((1+(2*deltaTvc))))+((uhf[ki-1,kj,khf]*deltaTrc)/(1-(2*deltaTvc)))
epslazfinal[ki,kj,kn]=epslazc
gijfinal[ki,kj,kn]=gijc
Gtmp[J-1,J-2] = Gtmp[J-1,J-2]-((deltaTvc/((1+(2*deltaTvc)))))
Htmp[0,0] = Htmp[0,0]+((deltaTvc/((1+(2*deltaTvc))))* u[ki,0,kn])
u[ki,1:J+1,kn] = catch_mtd(Gtmp,Htmp)
u[I+1,1:J+1,kn] = u[I-1,1:J+1,kn]
u[1:I+1,J+1,kn] = u[1:I+1,J-1,kn]
R,Z = np.meshgrid(r,z)
plt.contourf(R,Z,u[:,:,N])
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